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Abstract 



We develop a theory of abstract arithmetic Chow rings, where the 
role of the fibers at infinity is played by a complex of abelian groups 
that computes a suitable cohomology theory. As particular cases of 
this formalism we recover the original arithmetic intersection theory of 
H. Gillet and C. Soule for projective varieties. We introduce a theory 
of arithmetic Chow groups, which are covariant with respect to arbi- 
trary proper morphisms, and we develop a theory of arithmetic Chow 
rings using a complex of differential forms with log-log singularities 
along a fixed normal crossing divisor. This last theory is suitable for 
the study of automorphic line bundles. In particular, we generalize 
the classical Faltings height with respect to logarithmically singular 
hermitian line bundles to higher dimensional cycles. As an applica- 
tion we compute the Faltings height of Hecke correspondences on a 
product of modular curves. 
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Introduction 

Background. Arakelov Geometry was initiated by S.J. Arakelov in his 
paper P], where he shows that one can compactify a curve defined over the 
(spectrum of the) ring of integers of a number field by considering Green func- 
tions on the associated complex curve. Subsequently, Arakelov's ideas have 
been successfully refined by P. Deligne j2S| and G. Faltings [^Hj, and general- 
ized to higher dimensional arithmetic varieties by H. Gillet and C. Soule who 
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introduced arithmetic Chow groups for higher co dimensional arithmetic cy- 
cles in |37]. An important application of this formalism was P. Vojta's proof 
of Faltings's theorem, formerly known as Mordell's conjecture (see |76j). 

The use of analytical objects such as Green functions allows various mod- 
ifications and extensions of the formalism of arithmetic Chow groups, which 
is adapted to different situations. Among others, we mention S. Zhang's work 
[77j on admissible metrized line bundles and V. Maillot's work [HI] taking 
into account hermitian line bundles whose metrics are no longer smooth but 
still continuous; J.-B. Bost's work [Oj on L^-Green functions and A. Mori- 
waki's work on degenerate Green currents; U. Kiihn's work [59j treating 
hermitian line bundles on arithmetic surfaces having logarithmically singular 
metrics, e.g., the line bundle of modular forms equipped with the Petersson 
metric on a modular curve, and J.I. Burgos's work ^3], J7] on arithmetic 
Chow groups and Deligne-Beilinson cohomology. 

Motivation. The main motivation of these notes is to extend U. Kiihn's 
generalized arithmetic intersection pairing on arithmetic surfaces to higher 
dimensional arithmetic varieties. While U. Kiihn's intersection pairing, which 
was motivated by preliminary results of J. Kramer (see [S^), is given in 
terms of an explicit formula for the arithmetic intersection number of two 
divisors (in the spirit of Arakelov), the development of a corresponding higher 
dimensional theory needs to be approached in a more abstract way. Moreover, 
we will extend this theory, not only to line bundles with singular metrics, 
but also to higher rank vector bundles such as the Hodge bundle that appear 
when considering fibrations of semi-abelian varieties. The study of higher 
rank vector bundles will be the subject of the forthcoming paper [TSj . 

Arithmetic intersection theory. An arithmetic ring (A, S, Foo) is a 
triple consisting of an excellent regular noetherian integral domain A, a finite 
non-empty set S of monomorphisms a : A — > C, and an antilinear involution 
: — > of C-algebras. For simplicity, we will forget about the 
antilinear involution F^o in this introduction. Then, an arithmetic variety is 
a flat, regular scheme X over S = Spec(y4) together with a complex analytic 
space Xoo obtained from X by means of E; S will be called the base scheme. 
Intuitively, the elements of S are the points at infinity of 5* providing a 
"compactification" of S, and the analytic space X^o is the fiber at these points 
at infinity or archimedean fiber of X. An arithmetic intersection theory will 
involve three main ingredients: first, a geometric intersection theory over the 
scheme X, the geometric part, second, a "refined" intersection theory over 
Xao, the analytic part, and finally an interface relating the geometric and 
the analytic part. The main theme of this paper is to study the second and 
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third of these ingredients, and we will rely on existing geometric intersection 
theories. 

Geometric intersection theory. It might be useful to review, at this 
point, the geometric intersection theories we have at our disposal. 

The first of these theories is based on the moving lemma to reduce the 
intersection product of two algebraic cycles to the case of proper intersection. 
In order to be able to apply the moving lemma we need the scheme X under 
consideration to be quasi-projective and the arithmetic ring A to be a field. 
Since we are interested in more general arithmetic rings, we cannot use this 
method. 

The second approach is the deformation to the normal cone technique 
due to W. Fulton and R. MacPherson (see 1221 )• This method is much more 
general, since the scheme X need not be quasi-projective and, moreover, it 
can also be applied to the case in which the base scheme is the spectrum of 
a Dedekind domain. But in this case X needs to be not only regular, but 
smooth over S. Since most interesting arithmetic varieties are not smooth 
over the base scheme, this method is not general enough for our purposes. 
Note however that, in the case in which X is smooth over S, this method 
provides an intersection pairing which is defined without tensoring with Q. 
We should also note that, in contrast to the case of an intersection prod- 
uct, this method can be used to define the inverse image morphism for a 
morphism between regular schemes of finite type over the spectrum of a reg- 
ular, noetherian ring without the assumption of smoothness. The lack of a 
general theorem of resolution of singularities prevents us from obtaining an 
intersection product from this inverse image morphism. 

However, as a third approach, one can use J. de Jong's theorem on alter- 
ations 22j to reduce the intersection of algebraic cycles to the inverse image 
between regular schemes, and then apply the deformation to the normal cone 
technique. Nevertheless, these alterations are finite morphisms whose degree 
is larger that one, in general. Therefore, this method yields an intersection 
product with rational coefficients. 

The last general approach that we will mention (and the one introduced 
originally by H. Gillet and C. Soule) is to use the isomorphism between 
ilT-theory and Chow groups to transfer the ring structure of i^-theory to 
the Chow groups. This method is valid for any regular, noetherian scheme 
X of finite KruU dimension. The main drawback of this method is that the 
isomorphism between ii'-theory and Chow groups is only true in general after 
tensoring with Q. Therefore, one also obtains a rational valued intersection 
product. 

Finally, we note that the intersection product with a divisor on a regular 
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scheme can be defined directly using a simple version of tlie moving lemma 
for divisors (see [2Zj, 4.2.3.2), which holds in complete generality. 

The i^-theoretical method and the alteration method are the most general 
of the above methods. Since the i^-theoretical approach was the one used 
by H. Gillet and C. Soule in [SZ| and, conceptually, fits very well with the 
cohomo logical approach we will be using for the analytical part, we also use 
it as the geometric part of our arithmetic intersection theory. But, since 
the geometric and the analytic part of our arithmetic intersection theory are 
isolated and related by a clear interface, we hope that the reader will have 
no difficulty in using any other of these geometric methods when applicable. 

Green currents and Green forms. We now discuss the refined in- 
tersection theories which have been used as the analytic part of a higher 
dimensional arithmetic intersection theory. 

The first one is the notion of a Green current introduced in ||37j. Let y 
be a p-codimensional cycle on X. A Green current for y is a. class of currents 

satisfying the residue equation 

dd'' gy + 5y = Uy, (O.l) 

where 5y is the current given by integration along the cycle yoo and uiy is a 
smooth form uniquely determined by (jO.ll) . 

If y and z are two cycles intersecting properly (i.e., with the appropriate 
codimension) in Xoo, the product of two Green currents, called the star- 
product or *-product, is given by the formula 

gy*gz = gy^8z + ^^yf\ gz- 

It is a Green current for the intersection cycle y-z. This approach has many 
analytical difficulties. For instance, some care has to be taken to define gyASz- 
Moreover, this product is not obviously associative and commutative, and the 
proof that this is indeed the case, is not trivial. 

As we have already mentioned this approach has been generalized in sev- 
eral directions. Typically, these generalizations allow the presence of certain 
singularities for the differential form Uy. But usually only the case when Xoo 
is of dimension one is treated (see ^^), or one does not obtain a full ring 
structure for the generalized arithmetic Chow rings (see [HT]). 

There are other proposals for the definition of the product of Green cur- 
rents. For instance, B. Harris and B. Wang ^42j have given a definition of the 
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star-product of two Green currents for non-properly intersecting cycles that 
depends on a deformation of one of the cycles, and N. Dan [20] has given 
a definition of the star-product using meromorphic continuation of certain 
zeta functions. 

In fZ! J-I- Burgos introduced a new definition of Green forms along the 
following lines. To every complex algebraic manifold X (not necessarily com- 
pact), there is associated a graded complex V^^^{X,*), which consists of 
smooth forms on X with logarithmic singularities at infinity. For instance, 
if X is proper, then 

Vl'^{X,p) = E^'^{X)n{2mYEl^{X), 

where E^''^{X) is the space of smooth complex valued differential forms of 
type {p,p) and E^{X) is the space of smooth real valued differential forms. 
The boundary morphism 

dr,:Vl^;\X,p)^Vl'^{X,p) 

is given hj dvi] = —2ddri. Observe that, up to a normalization factor, this is 
the same differential operator as the one that appears in the residue equation 

m- 

The complex I)^^^{X, *) computes the real Deligne-Beilinson cohomology 
of X, which is denoted by H^{X,M.{p)). If y is a closed subset of X, then 
the real Deligne-Beilinson cohomology of X with supports on Y, denoted by 

y(X, ]R(p)), is the cohomology of the simple complex associated to the 
morphism of complexes 

A;g(x,*)^i?iyx\r,*). 

Every p-co dimensional algebraic cycle y with support Y defines a cohomology 
class d{y) G H^\{X,R{p)). Moreover, ii W C X is a closed subvariety of 
codimension p — 1 and / G K{W)*, then / defines a class 

cl(/)Gff^P-^(X\div(/),M(p)). 

These classes satisfy the compatibility condition 

6{d{f)) = cl(div(/)), 

where 

6 : H'^^'\X \ div(/),M(p)) ifJ,^^(^)(X,M(p)) 
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is the connecting homomorphism. 

In this setting a Green form for a p-codimensional algebraic cycle y is a 
representative of the class cl{y). More explicitly, we write 



The space of Green forms associated to a p-codimensional cycle y with sup- 
port Y is then given by 



The star-product of Green forms is now simply the cup product in cohomol- 
ogy with supports. With this approach, the proof of the associativity and 
commutativity of the star-product is straightforward and completely formal. 

In |16j| and jl7j it is proven that, when X is projective, the arithmetic 
Chow groups obtained by this method agree with the ones obtained by the 
method of Gillet and Soule. It is interesting to note that all the analytical 
complexities appearing in the proof of the associativity and commutativity 
of the star-product in [HZj are needed to prove the compatibility of the two 
definitions. 

In contrast, in the quasi-projective case, the groups obtained by this new 
method have better Hodge theoretical properties. For instance, they possess 
a certain homotopy invariance with respect to vector bundles. Another ad- 
vantage of this new definition is that it is very easy to make variants adapted 
to new problems just by changing the complex Piog. 

We should stress here that a Green form associated to a cycle is a rep- 
resentative of the cohomology class of the cycle with support in the same 
cycle. In order for the star-product of two Green forms to be a Green form 
for the intersection cycle, we need the cycles to intersect properly in Xoo. 
Therefore, as was the case in [HZj, the arithmetic intersection product relies 
on the moving lemma for complex varieties. In particular, this implies that 
our varieties should be at least geometrically quasi-projective. 

In the preprint [IH]; J- Hu uses the homotopy invariance and the flexibility 
of the definition of Green forms to give a new definition of the inverse image 
morphism of arithmetic Chow groups for a regular closed immersion by means 
of Fulton's deformation to the normal cone technique. The main result of 
this paper is the construction of a specialization morphism for Green forms. 
Combining this technique with J. de Jong's result on alterations mentioned 
above, one can define the arithmetic intersection pairing without using any 
moving lemma, thereby removing the hypothesis of quasi-projectivity. 



Kg(X,*)=Pi;g(X,*)/Im(d^). 
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The interface between the geometric and the analytic part. 
In the definition of arithmetic Chow groups by means of Green currents, 
this interface is implemented by very concrete objects. Namely, to any p- 
codimensional algebraic cycle y, one assigns the current "integration along 
the cycle ?/oo", denoted by 6y, and to every rational function /, one asso- 
ciates the current — log|/oop. Compared with to the approach of Green 
currents, this interface is more abstract. It is implemented by the theory of 
characteristic classes for cycles and rational functions. The two approaches 
are compatible because in the appropriate complexes, the currents 6y and 
— log l/ooP represent the cohomology class of ?/oo and /oo, respectively. 

Abstract arithmetic Chow groups. Recall that our main motivation is 
to extend U. Kiihn's generalized arithmetic intersection pairing on arithmetic 
surfaces to higher dimensional arithmetic varieties. In order to accomplish 
this goal we will use the fiexibility of the Green form approach, changing 
the complex Piog by a complex of differential forms with certain mild singu- 
larities along a fixed subvariety. Nevertheless, the arithmetic Chow groups 
that we will define in this way, and their properties, depend strongly on 
the actual complex used. And there is no one best choice for this complex 
of singular differential forms. For instance, in this paper we introduce the 
complex of pre-log-log differential forms which, although it does not have 
all the cohomological properties one would expect, is enough to define an 
arithmetic intersection pairing and, in particular, the height with respect to 
log singular hermitian line bundles. On the other hand, in the paper [TH] , 
we introduce the complex of log-log singular differential forms. This com- 
plex has the expected cohomological properties, but is slightly more difficult 
to handle because one has to bound all the derivatives of the functions in- 
volved. Moreover, as we mentioned previously, in the literature there are 
several other variants of arithmetic Chow groups with singular differential 
forms. 

In addition, if one uses completely different kinds of complexes, one can 
obtain arithmetic Chow groups with new properties. For instance, in his 
PhD thesis the first author constructed a fully covariant version of the 
arithmetic Chow groups by choosing a complex of currents instead of the 
complex of smooth differential forms. Similar arithmetic Chow groups were 
introduced independently by A. Moriwaki in |64j . 

In another direction, one may consider the following example. Let pi, 
2 = 1, . . . , 4 be four different points in Pq. Then, the archimedean component 
of the height pairing of pi —p2 and p^—pi is essentially given by the logarithm 
of the norm of the cross ratio of the four points. Thus, this height pairing has 
a canonical lifting from M to C*, namely the cross ratio of the four points. 
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This suggests that one can define a finer version of arithmetic Chow groups, 
where the role of real Deligne-Beilinson cohomology is played by integral 
Deligne-Beilinson cohomology. 

Even more, one can think of an adelic version of the arithmetic Chow 
groups, similar to the one introduced in fSj, but where each geometric fiber 
is substituted by a suitable complex that computes a certain cohomology 
theory, or a theory, where only certain geometric fibers are substituted by a 
cohomological complex. 

All these considerations lead us to the conclusion that it is worthwhile to 
develop a formalism of arithmetic Chow groups with respect to an abstract 
complex and to explore how the properties of the complex are refiected by 
the properties of the arithmetic Chow groups. In this way, different variants 
of arithmetic Chow groups can be obtained as particular cases. 

Results. The main achievement of this paper is the systematic development 
of the formalism of abstract arithmetic Chow groups in arbitrary dimensions 
depending on a suitable cohomological complex. Every choice of such a 
complex gives rise to new types of arithmetic Chow groups with different 
properties refiected by the complexes under consideration. As special cases 
we recover Burgos' version of the the arithmetic intersection theory developed 
by H. Gillet and C. Soule in jHZI, we introduce a theory of arithmetic Chow 
groups which are covariant with respect to arbitrary proper morphisms, and 
we develop a theory of arithmetic Chow rings using a complex of differential 
forms with pre-log-log singularities along a fixed normal crossings divisor. 
This latter theory is suitable for the study of automorphic line bundles. 
In particular, we generalize the classical Faltings height with respect to a 
logarithmically singular hermitian line bundle to higher dimensional cycles. 
As an application we compute the Faltings height of Hecke correspondences 
on a product of modular curves. 

This formalism of arithmetic Chow groups is an abstraction of |^ . Note 
however that the passage from the concrete example of [17j to the abstract 
version presented here is not completely straightforward. Although some 
constructions such as the definition of truncated cohomology classes and 
their product are already (at least implicitly) present in j^, others, like the 
notions of ^-complex and of covariant /-morphism of complexes, are new. 

The basic idea of this paper is that the role of the complex T>iog can be 
played by any graded complex of sheaves in the Zariski topology C. We 
only require two properties for this complex. The first is that the hyperco- 
homology of this complex of sheaves always agrees with the cohomology of 
the complex of global sections. In this way we can represent cohomology 
classes by concrete elements of this complex. A convenient way to ensure 
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this is to ask the complex to satisfy a Mayer- Vietoris condition. The second 
property we require is that the complex receives characteristic classes from 
cycles and rational functions (i.e., from i^i-chains). Typically, in order to 
ensure the existence of characteristic classes, one imposes a series of axioms 
to the cohomology. Nevertheless, in many applications it is not convenient 
to impose too many conditions to the cohomology. Therefore, we use an 
auxihary cohomology, given by a graded complex of sheaves Q satisfying the 
axioms of jHl]; we call it a Gillet cohomology. The characteristic classes will 
be induced by a morphism cc '■ Q — > C in the derived category. 

In this abstract setting, instead of Green forms, we will define Green ob- 
jects that live in a space that we call "truncated cohomology classes". These 
truncated cohomology classes are something between relative cohomology 
classes and representatives of relative cohomology classes. 

Of course, very little can be done with this minimal set of properties. 
Therefore, we undertake a complete study of how the properties of the com- 
plex C are reflected by the properties of the Green objects and the arithmetic 
Chow groups. For instance, in order to have an intersection product in the 
arithmetic Chow groups, we only need the existence of a cup product in the 
complex C, which is compatible with the cup product of the complex Q. This 
implies that the cup product in C is compatible with the intersection product 
of cycles. 

We emphasize here that this abstract approach also simplifies many diffi- 
culties that appear when working with Green currents. We have already men- 
tioned the proof of the associativity and commutativity of the star-product, 
but our approach also provides a new and logically independent proof of the 
well-definedness of the arithmetic intersection product due to H. Gillet and 
C. Soule. This proof does not rely on the /Ti-chain moving lemma. We 
point out that in J.I. Burgos's preceding work the arguments for proving the 
well-definedness of the arithmetic intersection product relied on the corre- 
sponding arguments in [SZI. We will give a more detailed discussion on how 
we avoid the i^'i-chain moving lemma in remark 14.221 We also emphasize 
that some problems with the i^i-chain moving lemma have been discussed 
and successfully solved using completely different techniques by W. Gubler 
in [41J. 

Once the abstract theory is developed, in the subsequent chapters, we 
study particular cases of this construction. For instance, we recover the orig- 
inal arithmetic intersection theory of H. Gillet and C. Soule for projective 
varieties. We point out that we will show in JH] how to recover these arith- 
metic Chow groups for quasi-projective varieties as a particular case of our 
construction. This example agrees with the theory developed in pT] . 

As a second example we introduce a theory of arithmetic Chow groups 
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which are covariant with respect to arbitrary proper morphisms. This con- 
struction was first introduced in U3j , and a similar construction can be found 
in jH!. 

Furthermore, by choosing for C a complex of forms satisfying certain 
growth conditions of log- and log-log-type, we obtain a theory which is com- 
patible with the theories developed by J.-B. Bost and U. Kiihn in the 1- 
dimensional setting. This latter theory is specifically suited for the study of 
automorphic line bundles and allows to generalize the classical Faltings height 
with respect to a logarithmically singular hermitian line bundle to higher 
dimensional cycles. As an application, we compute the Faltings height of 
certain Hecke correspondences. Note that the same result has been obtained 
recently by P. Autissier |3] using the 1-dimensional theory. 

We point out that Bost's theory can also be seen as a particular case 
of our abstract setting. Nevertheless, the definition of the corresponding 
complex C involves a mixture of L^-forms, L^-forms, L^^-currents, forms 
with logarithmic singularities, and currents; we will not write it explicitly. 

It would be interesting to extend the abstract setting of this paper to 
cover also Hu's deformation to the normal cone technique. This would involve 
incorporating the specialization functor to the axiomatic system and asking 
for the existence of a specialization morphism at the level of complexes. 

Applications. The theory developed in this paper is extensively used in 
the forthcoming paper ^2] by J. Bruinier, J.I. Burgos and U. Kiihn, where 
explicit calculations for the arithmetic self-intersection number of the line 
bundle of modular forms and the Faltings height of Hirzebruch-Zagier cy- 
cles on Hilbert modular surfaces are carried out. Further calculations in 
this direction for other naturally metrized automorphic line bundles have 
been made in ^3]- In his forthcoming thesis G. Freixas-Montplet will prove 
finiteness results for the height with respect to such naturally metrized line 
bundles, which generalize G. Faltings' original result for points to cycles of 
higher dimensions. In the sequel jlSj of this paper, we will show that our 
abstract arithmetic Chow groups attached to the complex of forms having 
suitable growth conditions of log- and log-log-type combined with the work 
jl9j allow us to construct arithmetic characteristic classes for vector bundles 
equipped with hermitian metrics, which are logarithmically singular along a 
divisor with normal crossings. These arithmetic characteristic classes give 
rise to operations on the arithmetic Chow groups, even for non-regular arith- 
metic varieties. In addition, we show in ^Hj that automorphic vector bundles 
equipped with the natural invariant metric (Petersson metric) on Shimura 
varieties of non-compact type are hermitian vector bundles of the type con- 
sidered above. 
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The framework of our arithmetic Chow groups attached to forms hav- 
ing certain log- and log-log-type singularities is one of the key ingredients in 
order to formulate various conjectures: in this context, we mention a con- 
jecture of K. Kohler on arithmetic intersection numbers on the moduli space 
of principally polarized abelian varieties (see 'S^); secondly, we mention a 
conjecture of V. Maillot and D. Roessler on arithmetic Chern numbers asso- 
ciated to fibrations of motives with complex multiplication (see [22]); finally, 
we emphasize the conjectures of S. Kudla on Faltings heights and generating 
series for special cycles on Shimura varieties of orthogonal type (see jSE] , [Slj , 

Outline of the paper. Let us now give a more detailed outline of the 
contents of each chapter. 

Chapter 1 . In the first chapter we review various results relating iiT-theory, 
Chow groups and cohomology theories satisfying Gillet's axioms these 
facts will be needed in the sequel. For our purposes, the main interest in 
ii'-theory is that it provides a method to define an intersection product and 
an inverse image for algebraic cycles on regular, separated schemes of finite 
type over a base scheme, which is regular, separated, noetherian, and of finite 
KruU dimension. Most of the results needed from /^-theory deal only with 
the groups Kq and Ki, and can be found in the first chapter of 73 . The 
main exception to this is proposition 11.161 its translation into Chow theory 
and cohomology theory, namely theorem II . 341 and corollarv ll.35l is of crucial 
importance in chapter 4 in the course of the proof of the well-definedness of 
the intersection product of arithmetic cycles. There is very little new in this 
chapter and its main purpose is to gather together all the needed results, 
some of which are difficult to find explicitly in the literature. 

Chapter 2. The second chapter is devoted to a systematic study of rel- 
ative cohomology groups H*{A,B) attached to a morphism / : A — > B 
of abstract complexes of abelian groups and their product structure based 
on a product structure of the complexes under consideration. Furthermore, 
we study truncated relative cohomology groups H*{A,B) associated to the 
above data together with their product structure, which is the basis of the 
definition of the ^-product in the third chapter. We have also included a 
discussion of the signs appearing when considering multidimensional com- 
plexes, complexes of complexes, and products between them. This chapter 
is an extended and much more detailed version of the corresponding chapter 

of [m. 

Chapter 3. The aim of the third chapter is to develop an abstract theory 
of Green objects as elements of a suitable truncated cohomology theory. The 
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main property for such a cohomology theory is that it receives characteristic 
classes from iT-theory, at least from Kq and Ki, and that it satisfies some 
additional natural properties. More precisely, we fix a Gillet complex Q = 
over the site of regular schemes X of finite type over a field k. A graded 
complex C = C*{*) of sheaves of abelian groups together with a morphism 
Cc '■ Q — ^ C in the derived category will be called a ^-complex over X. A 
Green object for a p-codimensional cycle y on X with values in C is then 
given by an element 

0,G^2^(C(X,p),C(f/,p)) 

such that the class of Qy equals the class of the cycle y in the relative coho- 
mology group H'^P{C{X,p),C{U,p)); here U denotes the complement of the 
support of y in X. After studying the basic properties of such Green objects, 
we define a *-product for two Green objects using the techniques developed 
in the second chapter. We end this chapter with a proof of the associativity 
and commutativity of the ^-product under suitable assumptions on the Q- 
complexes under consideration. The material in this and the next chapter, 
although a generalization of the results of PT| , is new. 

Chapter 4. In the fourth chapter we introduce generalized arithmetic Chow 
groups for arithmetic varieties X over an arithmetic ring. The idea behind 
this definition is that the arithmetic variety X can be "compactified" by 
adding the associated complex manifold Xoo or, more precisely, a truncated 
cohomology theory on X^o to the picture. More specifically, we proceed as 
follows: After fixing a Gillet complex Q over the site of schemes over the 
real numbers, we call the pair {X,C) a ^-arithmetic variety, when X is an 
arithmetic variety and C a ^-complex over the associated real variety X^. The 
group of p-codimensional arithmetic cycles of (X, C) is then given by the set of 
pairs {y, Qy), where y is a p-codimensional cycle on X and Qy is a Green object 

for (the class of) the cycle induced by y on X^. The C-arithmetic Chow group 

' — - p 

CH (X, C) is now obtained from the group of p-co dimensional arithmetic 
cycles of (X, C) by factoring out by a suitable rational equivalence relation. 
We prove various properties for these generalized arithmetic Chow groups, 
emphasizing how the properties of the ^-complexes involved are reflected in 
the properties of the arithmetic Chow groups; a typical example is the ring 
structure of the direct sum CH {X,C)q. 

Chapter 5. In all the examples of generalized arithmetic Chow groups pre- 
sented in this paper, the underlying Gillet cohomology will be the Deligne- 
Beilinson cohomology. Therefore, we recall in the fifth chapter the basic 
definitions and facts of Deligne-Beilinson cohomology and homology, which 
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will be needed in the sequel. In particular, we use the fact that real Deligne- 
Beilinson cohomology can be computed as the sheaf cohomology of the Deligne 
algebra associated to the Dolbeault algebra of differential forms with loga- 
rithmic singularities at infinity. We denote this graded complex of sheaves 
by Viog. Towards the end of this chapter, we give explicit representatives 
for the classes of cycles, in particular for the classes of divisors of sections 
of (hermitian) line bundles, in real Deligne-Beilinson cohomology in terms 
of the underlying singular differential forms. Most of the material in this 
chapter is well known; we include it for the convenience of the reader. 

Chapter 6. In the sixth chapter we use our abstract theory of arithmetic 
Chow groups to define contravariant and covariant arithmetic Chow groups 
starting with the Gillet complex Q = Vyog- The contravariant Chow groups, 
which were introduced in [T7] , are obtained by considering V^og itself as a Q- 
complex. In this way, we obtain the arithmetic Chow groups CH {X, Aog) • 
By means of the properties of the Deligne algebra T>\og, we find that the direct 
sum 0p>o CH {X, Aog)Q has the structure of a commutative and associative 
ring. Furthermore, this ring coincides with the arithmetic Chow ring defined 
by Gillet and Soule in |2Z1 for arithmetic varieties with projective generic 
fiber. The covariant Chow groups, which were introduced in ^1], are defined 
using as a Piog-complex a complex Vcnr, which is made out of certain cur- 
rents and computes real Deligne-Beilinson homology. The properties of the 
Piog-complex VcuT show that the arithmetic Chow groups CH (X, Pcur) are 
covariant for arbitrary proper morphisms and have the structure of a module 
over the contravariant Chow ring. We end this chapter with a reformula- 
tion of the definition of the height of a cycle, originally given in [TI^, in the 
framework of contravariant and covariant arithmetic Chow groups. 

Chapter 7. In the seventh chapter we again fix the Deligne algebra Piog 
as our Gillet complex Q. We then construct a "Diog-complex by means of dif- 
ferential forms satisfying (together with their derivatives with respect to d, 
d, and dd) certain growth conditions of log- and log-log-type. We call these 
differential forms pre-log and pre-log-log forms, respectively, and denote the 
corresponding X>iog-complex by Ppre- The notation is justified in order to dis- 
tinguish these differential forms from the forms satisfying the same type of 
growth conditions together with all their derivatives; the corresponding T>iog- 
complex will be introduced and studied in [18j. By means of the properties 
of the complex Ppre, the direct sum CH {X,Vpj.(,)Q has the structure 

of a commutative and associative ring. This provides the desired higher 
dimensional extension of the generalized arithmetic intersection pairing in- 
troduced in j5H). A useful application of this formalism is the extension of 
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the definition of the height of a cycle with respect to fine bundles equipped 
with a hermitian metric, which becomes logarithmically singular along a di- 
visor with normal crossings. As an illustration, we compute the arithmetic 
self-intersection number of the line bundle of modular forms on the product 
of two modular curves equipped with the Petersson metric. Furthermore, 
we determine the Faltings height of Hecke correspondences on this product 
of modular curves with respect to the line bundle of modular forms. The 
same result has been obtained recently by P. Autissier [Sj using a different 
approach. Related but more elaborate results in the case of Hilbert modu- 
lar surfaces are contained in the paper mentioned above. The general 
theory of arithmetic characteristic classes of automorphic vector bundles of 
arbitrary rank will be developed in [TH] . 
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1 Background results on iT-theory 



In this section we will review some facts relating to i^'-theory, Chow groups 
and cohomology theory that will be needed in the sequel. For our purposes, 
the main interest of i^-theory is that it provides a method to define the 
intersection product and the inverse images of algebraic cycles for regular 
schemes. Most of the results we need are only concerned with the groups 
Kq] they are explained in chapter 1 of [ZS|- The main exception to this 
is proposition ll.lfil Its translation into Chow theory, theorem ll.H4| and 
cohomology theory will be used in the proof of the fact that the intersection 
product of arithmetic cycles is well defined. Note however that proposition 
11.161 is proven in and is used in P7] . 

In this section all schemes will be noetherian, separated and of finite Krull 
dimension. Given an abelian group A we will write Aq = A(E)Q. 

1.1 iC-theory 

fT-THEORY OF SCHEMES. For any exact category £/, Quillen has introduced 
a simplicial space QBQ^, and has defined the i('-groups of the category £/ 
as the homotopy groups of this simplicial space (see ^69j), i.e.. 

Let X be a scheme (recall that this means a noetherian, separated scheme 
of finite Krull dimension). Then, we will denote by ^{X) the exact category 
of coherent sheaves on X, and by /^{X) the exact category of locally free 
coherent sheaves on X. We write 

<(X) = Kmi^iX)), 

KUX) = K^i^iX)). 

In particular, Kq{X) is the Grothendieck group of locally free coherent 
sheaves on X, and Kq{X) is the Grothendieck group of coherent sheaves 
on X. 

We will use many standard facts about the i^-theory of schemes. For 
more details the reader is referred, for instance, to jSH], or Let us quote 
some of these facts. 

FUNCTORIALITY OF AT- THEORY. The first property we want to quote is the 
functoriality of i^-theory. Let F : ^ — > SS be an exact functor between 
exact categories. Then, there is an induced morphism 
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and hence morphisms 
From this one can derive: 

Proposition 1.1. // / : X — > X' is a morphism of schemes, then the 
inverse image of locally free sheaves induces morphisms 

r : K^X') Km{X). 

With these morphisms, is a contravariant functor between the category of 
schemes to the category of graded abelian groups. □ 

Proposition 1.2. If f : Y — > Y' is a proper morphism of schemes, then 
the higher direct images of coherent sheaves induce morphisms 

f,:K'^{Y)-^K'^{Y'). 

With these morphisms, K'^ is a covariant functor between the category of 
schemes with proper morphisms and the category of graded abelian groups. 

□ 

Localization. Given exact functors ^/ — > SS — > ^ such that the com- 
position — > ^ is zero and the induced maps QBQ{^) — > QBQ{j3^) — > 
VLBQ{^) form a fibration up to homotopy, then there is a long exact sequence 

. . . K^{S^) — ^ Kmi"^) — ^ . . . 

This apphes to the case when is a Serre subcategory of and ^ = ^/^. 
In particular, this can be used to derive the following result {^^, §7, 3.2): 



Proposition 1.3 (Localization). Let X be a scheme, Y G X a closed 
subscheme, and U = X\Y . Then, there is a long exact sequence 



□ 



K AND K' OF REGULAR SCHEMES. Another important result is the com- 
parison between the groups K and K' ([69j, §7). 

Proposition 1.4. If X is a regular scheme, then the natural morphism 

Km{X) — K'^{X) 
is an isomorphism. □ 
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fC-THEORY WITH SUPPORT. Let X be a scheme, Y C X a closed subscheme, 
and U = X\Y. Then, the K-theory groups of X with support in Y are defined 

by 

Kl^{X) = 7r„+i(homotopy fiber(5Q^(X) — > BQ^{U))). 
By definition, there is a long exact sequence 

. . . ^ KliX) KUX) ^ KUU) ^ Kl_,{X) ^ . . . 

Combining proposition II. 4^ the above exact sequence and proposition [TI31 we 
obtain 

Proposition 1.5 (Purity). If X is a regular scheme and Y (Z X a closed 
subscheme, then there is a natural isomorphism 

KliX) — . K'^iY). 

□ 

The purity property clearly implies the following excision property: 

Proposition 1.6. Let X be a regular scheme, Y a closed subscheme of X , 
and V an open subscheme of X satisfying Y C V. Then, the restriction map 

Kl{X)-^Kl{V) 

is an isomorphism. □ 



1.2 ii'-theory as generalized sheaf cohomology 

The iiT-theory groups can also be realized as generalized cohomology groups 
|llj . This allows us to treat i^-theory and cohomology in a uniform way, 
and is the basis of the construction by Gillet of characteristic classes 
for higher i^-theory. In this section we will briefiy recall the definition of 
generalized sheaf cohomology and how to see higher i^-theory as generalized 
sheaf cohomology. We will follow j2H] and appendix B of . There is also a 
short account in [21] . The reader may also consult the book [ST] for a slightly 
different point of view. 

HoMOTOPY THEORY OF SPACES. Let US fix a regular noetherian scheme 
S of finite KruU dimension. Let C be one of the following sites: zar(S') the 
small Zariski site over S", ZAR(S') the big Zariski site of all schemes of finite 
type over S*, or ZAR the big Zariski site of all noetherian schemes of bounded 
KruU dimension. Let T = T(C) be the topos of sheaves over the site C as 
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in Let us denote by sT the category of pointed simplicial objects in T. 
The elements of sT will be called spaces. Given a scheme X in the site C, 
we can consider X sheaf by 

U I — > Homc(f/,X). 

We will also denote by X the corresponding constant simplicial object pointed 
by a disjoint base point. 

Definition 1.7. A space is said to be constructed from schemes if all com- 
ponents are representable by a scheme in the site plus a disjoint base point. 
If P is a property of schemes, we will say that a space X constructed from 
schemes satisfies P, if all the schematic parts of X satisfy P. 

The following result, due to Joyal, is fundamental for passing to the ho- 
motopy category of spaces. A published proof in the non-pointed case can 
be found in ^ (see 011, and |171). 

Proposition 1.8. The category sT is a pointed closed model category in the 
sense of Quillen fi^ . □ 

A part of the definition of a closed model category comprises the con- 
cepts of weak equivalence, fibrations and cofibrations, and, in particular, the 
concept of fibrant objects and cofibrant objects. We refer to appendix 
B, for the definition of these concepts in the present setting. 

Let us denote by Ho(sT) the homotopy category associated to the closed 
model category sT . If X and Y are spaces, we denote by [X, Y] the morphism 
in Ho(sT). If Y is fibrant, it is just the homotopy classes of morphisms. If 
Y is not fibrant, then [X, y] = [X, y], where F is a fibrant space weakly 
equivalent to Y . We will denote by SX and VtX the suspension and the 
loop space of a space X, respectively. The loop space functor Q is the right 
adjoint functor of the suspension functor S (see jUHj). 

Generalized cohomology. 

Definition 1.9. Let A be a space and let X E C. Then, the cohomology 
space with coefficients in A is defined for m > by 

h;^{x,A) = [5'"AX,A], 

where S"™ A X is the smash product between the pointed m-dimensional 
sphere S"™ and X. Note that AX is canonically isomorphic to the m-fold 
suspension S'^X = S.'^.SX. 

Remark 1.10. If X is a scheme in the site ZAR and A is an element of 
sT(ZAR), we will denote also by A the restriction of A to ZAR(X) or to 
zar(X). By the argument at the beginning of the proof of [3H], proposition 
5, the cohomology groups if~™(X, A) are the same in the three sites. 
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PSEUDO-FLASQUE PRESHEAVES. If A is a fibraiit space, the generalized 
cohomology can be computed as homotopy groups 

H:^{X, A) = [S'^ ^X,A] = 7r„(A(X)) = 7r^(Hom(X, A)). 

More generally, the above equality is a property of pseudo-flasque presheaves. 

Definition 1.11. A presheaf A is pseudo-flasque, if A{U) is a fibrant sim- 
plicial set for all U , ^4(0) is contractible, and for each pair of open sets the 
diagram 

A{UVJV) > A{U) 

A{V) y A{Ur\V) 

is homotopically cartesian. 

Proposition 1.12 (Brown-Gersten [TT], Gillet-Soule [^). Let A he 

a pseudo-flasque presheaf, and let A' he the associated sheaf. Then, we have 
for any scheme X in ZAR 

if-"(X,A') =vr™(A(X)). 

□ 

i^-THEORY AS GENERALIZED SHEAF COHOMOLOGY. Let US denote by K the 

pointed simplicial sheaf Z x BGL (see j^H]; 3.1), and by the pointed 
simplicial sheaf Z x Zoo BGLat. If X is a space, we define for m > its m-th 
K-theory group by K). We also define the unstahle m-th K-theory 

group by H~'^{X, K^). In general, H^{X, K^) are only pointed spaces, but 
H~'^{X,'K^) are abelian groups for m > 1. Following ^38,, we define 

Definition 1.13. We say that a space X is K-coherent, if the natural maps 
lim H-'^iX, K^) — > H-"^{X, K) 

and 

lnni7"(X,7r_„K^) ^ /7™(X,7r_„K) 

TV 

are isomorphisms for all m, n > 0. 

The fact that the groups H~'^{X,'K) agree with the K-groups defined 
by Quillen is proved in |2H|- They use the argument of jTTj together with 
some modifications due to the different definitions. The main ingredients are 
the "+ = Q" result of Quillen jnHj , proposition I1.12| and the fact that the 
homotopy category used in ^T] agrees with the one considered in [HH] . 
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Proposition 1.14. Let X be a scheme in the site C. Then, there are canon- 
ical isomorphisms 

K^X) ^ H~"\X,K). 
Moreover, X is K-coherent. □ 

From the above proposition and a little liomological algebra (see |38j . 
3.2.3, 21J, 2.1 and [^I, B.2.3) one can derive: 

Proposition 1.15. Let X he a noetherian space constructed from schemes 
of finite Krull dimension (see definition that is degenerate above some 
simplicial degree, i.e., there exists N such that X = sk^vX, where sk^vX is 
the N-th skeleton of X . Then, X is K-coherent. □ 

The mapping cone. Let / : X — > F be a morphism of spaces. We can 
define the mapping cone C{X,Y) = C{f ) of f as the space 

= (FnX X /)/ ~ , 

where / is the simplicial unit interval and ~ is the equivalence relation gen- 
erated by 

{xA)^f{x), 
[x, 0) ~ *, 

with * denoting the distinguished point in all spaces. Then, we write 

X, K) = H-'^iCif), K). 
There is a long exact sequence 

... — >H-"'{Y,K) — >H-"'{X,K) ^ H-"'+\Y,X,K) — > ... 
The connection morphism of this exact sequence is defined as follows. Let 

a : 5™ A X — . K 

be an element of if"'"(X, K) = [5*™ A X, K]. Then, S{a) is given as the 
following composition of maps 

S""-^ A C(X, Y) = CiS"^-^ A X, S"^-^ AY) — > 

CiS""-^ AX,*) = S^ A S""-^ A X = 5™ A X ^ K, 

where * is the simplicial point; here we also use the fact that the smash 
product and the mapping cone commute, and that C(X, *) = S*^ A X is the 
suspension. 
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i^'-THEORY WITH SUPPORT. Let X be a regular noetherian scheme of finite 
Krull dimension, / : U — > X an open immersion, and set Y = X \ U. 
The mapping cone of / is a space C{f) G s ZAR. It is clear that there are 
canonical isomorphisms 

K^iX) KmiCif)), m > 0. 

LoDAY PRODUCT IN i^-THEORY. Let US discuss the existence of a product 
in i^'-theory and its basic properties. The choice of any bijection N x N — > N 
induces a map [60, (see jlT], p. 103, for details in this setting) 

(Z X Zoo BGLiv) A (Z X Zoo BGLiv) — ^ Z x Zoo BGL . 

Hence, if X and Y are i^T-coherent spaces, there is a well-defined external 
product 

H-'^ix, K) X i7-"(y, K) — > //-'"-"(X A y, K) 

via 

gm+n AY = S"" AX AS"" AY — ^K^AK^ — ^K. 

When X = Y, composing with the pull-back of the diagonal map X — > 
X A X, we obtain an associative and graded commutative ring structure 
(possibly without unit) in H~*{X,'K). Clearly the product is functorial. 

Let X, Y and Z be ii'-coherent spaces, and let f : X — > y be a mor- 
phism of spaces. Having defined the product for spaces and using the fact 
that the mapping cone commutes with the smash product, we observe that 
there is a product 

H-'^iY, X, K) X if^"(Z, K) — ^ //-'"-"(y a Z, X A Z, K). 
The following result is a version of jSl], corollary 7.14. 

Proposition 1.16. Let X, Y and Z he K-coherent spaces, and let f : X — > 

Y be a morphism of spaces. If a E //^""(X, K) and j3 G H^"^^{Z,'K) , then 
the Loday product is compatible with long exact sequences, i.e., we have 

S{a ■ = 6{a) ■ p G i7-"^-"+i(y A Z, X A Z, K), 

5(/5 . a) = (-1)"/? • 6{a) G H-"'-"^\Z AY,Z AX,K). 
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Proof. The first equality follows from the commutative diagram 

gm+n ^ (j^^, Y) A Z S'" A C{X, Y) A S"" A Z 



C(^"^+« AX AZ, 5"*+'^ AY AZ) CiS"" A X, ^"^ A r) A 5" A Z 



^(5"+" A X A Z, *) 



^1 ^ gm+n AZ- 



C{S"' A X, *) A ^" A Z 



51 A 5*" A X A 5" A Z. 



The second statement follows from a similar diagram that involves the iso- 
morphism 

^" A A 5™ > A A S"^. 

But identifying both sides with 5''^+"+i^ the above isomorphism has degree 



-1)". 



□ 



Products in T^'-theory with support. We will now construct the prod- 
uct of ii"-theory with support. Let X be a scheme in the site, let [/, V be 
open subsets of X, and set F = X \ f/, Z = X \ V . Then, there is a pairing 

KliX)®K^iX) =H-^iCiU,X),K)^H--iCiV,X),K) 
H-"'-''{CiU, X) A C{V, X), K). 

Using the fact that the smash product and the mapping cone commute, we 
obtain that C{U,X) A C{V,X) is weakly equivalent to either of the spaces 

A\/,f/AX),C(X A V,X AX)), or 
C{C{U AV,X AV), C{U A X, X A X)). 

We will denote any of them as C{U A 1/; X A 1/, [/ A X; X A X) . The diagonal 
map induces a morphism of diagrams 

f/nr > U U AV > U AX 



V 



X 



X AV 



X AX. 



Since {f/, V} is an open covering of f/ U V, we find that C{U f\V] U, V; X) 
is weakly equivalent to C(f/ U V,X). Therefore, we obtain a pairing 

KliX) K^{X) ^ H—-{C{U U y, X), K) = Klf^{X). 



A consequence of proposition II . is the following 
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Proposition 1.17. Let X be a scheme in the site, let U , V he open subsets 
of X, and setY — X\U, Z — X\V. Then, the following diagram commutes: 



KlLTAx \ {Y n z)) ^ Kl^Um, 

here we have identified K^[l^{U) with K^^^^^X \ (Y H Z)) using excision, 
and 6 is the connection morphism. □ 

Direct images and the projection formula. Let / : X — > X' 
be a proper morphism of regular schemes in the site. Let Z G X he a 
closed subscheme. The isomorphisms ii'^(Z) — > K^{X) and — > 
Km {X') together with the direct image of the X'-groups induce direct 
image morphisms 

U--K{X)^KiJi'\X'). 
These morphisms satisfy the projection formula. 

Proposition 1.18. Let f : X — > X' be a proper morphism of regular 
schemes. Let Z G X , and Z' C X' be closed subschemes. Then, for a e 
K^{X') and p e K^{X), we have 

/.(/*(«) U /3) = a U e Kf^^r^'iX'). 

□ 

Gersten-Quillen spectral sequence. Let X be a regular scheme in 
the site. Let us denote by X^'^ the set of p-co dimensional points of X. If 
X G X^\ we will denote 

X^(X)=limXWnt/(t;)^ 

where the limit is taken over all open subsets U oi X containing the point x. 

Theorem 1.19. Let X be a regular scheme in ZAR. Then, there exists a 
spectral sequence 

EnX) =^ K_,-,{X) 

with 

E!''{X) = K1^_,{X). 
xexip) 

Moreover, this spectral sequence is convergent (since X has finite Krull di- 
mension). □ 
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Observe moreover that, using purity, we can identify K^p_^{X) with 
K_p_g{k{x)), where k{x) is the residue field at the point x. See for 
a proof of this theorem for generahzed cohomology. 

1.3 A-structure in i^'-theory and absolute cohomology 

A-RINGS AND A-ALGEBRAS. Recall that a X-ring with involution is a ring R 
equipped with a family of operators {A'^}fc>o and an involution ip~^ satisfying 
certain relations (see p]). In particular, any A-ring has a unit. Let R be 
a A-ring with involution, and A an i?-algebra. We call A a X-R-algebra 
with involution, if it is equipped with a family of operators {A^}fc>i and an 
involution ip'^ such that R(B A is a A-ring (see [S3] and [TT]). 

A-STRUCTURE IN i^-THEORY. For any > 1, one can define a family of 
operators {X%}k>i (see jSH], §4) 

A^ : Z X BGL^v — ^ ^ X BGL , 

which are compatible with the inclusions BGLjv-i — > BGLjv- Therefore, 
for any space X, there are induced operators 

A^ : ff-'"(X,K^) — > //-'"(X,K). 

If the space X is i^'-coherent, we have induced operators 

. ^-m(x,K) — > H-''\X,K). 

In the same way one can define an involution ip'-^. 

Let 5"° be the simplicial pointed 0-sphere. Following we will write 
Kq{sT) = if°(S'°, K). This is a A-ring. If the site C equals ZAR(S'), we have 
Kq{sT) = Kq{S). a proof of the following theorem can be found in (SHI (see 
also 011). 

Theorem 1.20. Let X be a K -coherent space. The family of operators 
{'^'^}fc>i together with the involution turn i/~™(X, K) into a X-Kq{sT)- 
algehra with involution. Moreover, iJ°(X, K) is provided with a natural aug- 
mentation 

e : /f°(X,K) — > H\X,Z). 
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Adams operations and 7- filtration. Let $ be the monoid of natural 
operations on A-rings with an involution. Among the operations in $, there 
are the 7-operations 'j^, k > 1, and the Adams operations ip'^, A; G Z \ {0}. 
These operations are defined by the usual formulae 

'y''{x) = X''{x + k-l), k>l, 

- AV^"^ + ■ ■ ■ + + (-l)^'A^' = 0, > 1, 

and = o ip''. Since these operations do not involve the unit, they are 
also operations of A-algebras. By means of the 7-operations we can define a 
filtration in the i^'-groups. 

Definition 1.21. Let A be a A'-coherent space. Then F^H~'^{X,'K) is 
defined as the subgroup of if"™(A, K) generated by the products 

where i(l) + ■ ■ • + i{r) > i, Xj G H~"^^^\X, K) with m(l) + ■ ■ ■ + m(r) = m 
and e{xj) = 0. 

The following properties of the Adams operations are well known. 

Proposition 1.22. The Adams operations respect the additive structure of 
K-theory, the Loday product and pull-backs. Moreover, we have ip'^ o ip^ = 

Observe that the A-structure in A-theory involves only the product be- 
tween Aq and higher A-theory and not the Loday product. Nevertheless, 
in order to see that the Adams operations are compatible with the Loday 
product one can argue as in jHS] (see also pij). 

Eigenspaces for the Adams operations. Let us write 

i7-™(A, K)W = {xe /7-™(A, K) ® Q I tp\x) = k'x, Vfc G Z \ {0}}. 

We will also write Km{XY^^ = if~™(A, K)*^*). The following proposition is 
proven in [38] . 

Proposition 1.23. Let X be a K -coherent space of dimension at most d. 
Then, for m > 0, there is a decomposition 

m+d 
i=a 

where a = min(m, 2). Moreover, we have 

H-'"^{X, K)W = Gr; H-'^iX, K) ® Q. 

□ 
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RiEMANN-RoCH WITHOUT DENOMINATORS. The Riemann-Roch theorem 
without denominators studies the effect of closed immersions on the op- 
erations in i^-theory. Let X and Y be regular schemes in ZAR(S'), let 
j : Y — > X be a closed immersion, and let us denote hj N = Nx/y the 
class of the normal bundle of F in X in Kq{Y). For any operation r G 
let us write t{N,x) as in |72I, §4. Let Z he a closed subset of Y. Using 
the identifications K'^iZ) = K^{Y) and K'^{Z) = K^{X), we obtain an 
isomorphism 

j; : ir^(r) ^ ir^(x). 

Theorem 1.24 (Soule [72j). For x E K^(Y) and t E ^, we have 

□ 

Remark 1.25. This result is generalized in |23 and jUj to a certain class 
of closed immersions of spaces. Nevertheless in these papers the schemes are 
assumed to be smooth over the base S. 

Direct images and the gamma filtration. 

Proposition 1.26. Let f : X — > X' be a proper morphism between regular 
quasi-projective schemes of ZAR.{S) of dimension d and d' , respectively. Let 
Z be a closed subscheme of X . Then, there is an inclusion 

f.{F^K'„XX) ® Q) C F^^''-'Ki^^\X') ® Q. 

Proof. The Riemann-Roch theorem (|Ll2j, 7.2) states that there are increasing 
filtrations F. of K'^{Z)0Q and K'^{f{Z)) (g)Q satisfying f^{Fj) C Fj. These 
filtrations are defined as follows. One chooses a closed immersion i : Z — > 
M, where M is an equidimensional scheme of dimension n, smooth and 
surjective over the base S. Then, there is an isomorphism i^, : Km{Z) — > 

K^iM), and we have FjK'^{Z) ® Q = i-\F:^-i K^{M)). We can choose M 

i' j 

such that the inclusion i factors as Z X ^ M. Using the Riemann-Roch 
theorem without denominators (as in the proof of the independence of M in 
IZg, 7.2, 3) one obtains that j4F^K^{X)0Q) = F^-'^+''K^{M). This leads 
to F^K^{X) O Q = Fd-jK'^{Z) ® Q which implies the claim. □ 

Absolute cohomology. The graded pieces for the 7-filtration tensored 
by Q or, put another way, the eigenspaces for the Adams operations, form 
a cohomology theory. By the Riemann-Roch theorem for higher i^-theory 
given in [33], it is a universal cohomology. One can define it for coherent 
spaces satisfying certain technical conditions. Since we will not need it in 
the sequel, we will define it only for a pair of schemes. 
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Definition 1.27. Let X be a regular scheme in the site and let F be a closed 
subset of X. Then, the absolute cohomology groups of X with support on Y 
are defined by 

H'2;y"'{X,Q{^))-K^iXf^■ 

Let us summarize the basic properties of absolute cohomology. The next 
theorem follows easily from the properties of X-theory and the Adams oper- 
ations. 

Theorem 1.28. (i) Let X be a regular scheme in ZAR, and letY , Z be 
closed subsets of X. Then, the product in K -theory induces a product 

HaAX, Q(z)) ® Hl,{X, Q(j)) ^ i^Xynz(^, + j))- 

(a) Let f : X' — > X be a morphism of regular schemes in ZAR. Let Y be a 
closed subset of X, and Y' a closed subset of X' satisfying f~^{Y) C Y' . 
Then, there is pull-back morphism 

r : HXriXMii)) HXy,{X',Q{{)) 

respecting the multiplicative structure and turning absolute cohomology 
into a contravariant functor. 

(Hi) Let X be a regular scheme in ZAR, and Y closed a subset of X. Then, 
there is a long exact sequence 

. . . ^ H-^{x, m) H'X{X \ r, Q(^)) ^ HX^{x, Q{i)) ^ . . . 

(iv) Let X be a regular scheme in ZAR, let Y, Z be closed subsets of X, 
and set U — X\Y . Then, the following diagram commutes: 



h^{uMp))®hXz{xm^))^hj^\xm{p))®hXz{xm<i)) 



HXulziX \ {Y n Z)Mp + ?)) '-^HJ^ntiX, Q(p + q)). 

(v) Let f : X — > X' be a proper morphism of regular, equidimensional, 
quasi-projective schemes in ZAR(S') of dimension d and d' , respectively. 
Let Z be a closed subscheme of X. Then, there are morphisms 

/. : HX,{X, Q(p)) HXfYzfiX', Qip-d + d')). 
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If g : X' — y X" is another proper morphism, then {g o /)^ = g^o f^. 
Moreover, if Z' is a closed suhscheme of X' , a G Q(p)), and 

(5 e H\z{X, Q(g)), we have 

f.{f*{a) U(3) = aU G H^+^~^l'^,''' {X' , Q{p + q - d + d')). 

□ 

The Adams operations and the Gersten-Quillen spectral se- 
quence. Since the Adams operations are defined on the level of sheaves 
of simplicial spaces, they induce morphisms of Gersten-Quillen spectral se- 
quences. Therefore, after tensoring with Q, the Quillen spectral sequence 
splits direct sum of spectral sequences 

where EP^^iX)^^ C ^?'^(A)q is the eigenspace of if)^ of eigenvalue fc*. By the 
Riemann-Roch theorem without denominators (see theorem ll.24| or [7^ . 
theorem 4), we have for x G X*^^) 

Therefore, we have the equality 

Since we have for a field k (see [72]) 

K^{k)Q = K^{kf^\ (1.29) 

K2{k)Q = K2{ki''\ 

we obtain 

Proposition 1.30. Let X he a regular scheme in the site. Then, the lines 
p = —q and p = —q — 1 of the spectral sequence E^''^{X)q degenerate at the 
term i?2- Thus there are natural isomorphisms 

EI'~%X)q = Ko{XfP\ 
E^,-''-p{X)q = K,{xYp\ 
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Proof. By (fT^ we have ^^"^(X)^ = Again by (IT^ we have 

for r > 2 

This leads to the isomorphism E^'~p{X)q = Kq{XYp\ The same argument 
apphes to the hne p = —q — 1. □ 

Note that in [72] it is also proven that the line p = —q — 2 degenerates at 
the term £'2- A consequence of proposition 11.301 is the following 

Proposition 1.31. Let X be a regular scheme in the site. Then, there are 
natural isomorphisms 

EI^-^{X)q - H'^{X 
EI-''-^{X)q = H'^~\X 

□ 

1.4 Chow Groups of regular schemes 

K-cnxms and Chow groups. Let X be a regular scheme in ZAR. Let us 
denote 

RliX) = Er'iX) = K,_,ikix)), 

where Ef'^\X) are the terms of the Gersten-Quillen spectral sequence. 

Recall that KQ{k{x)) = Z, and Ki{k{x)) = k*{x). Therefore, the group 
R^{X) equals the group Z^(X) of p-codimensional cycles on X. Any element 
/ e R^~^{X) can be written as / = ^^-gxcp-i) fx with f^ G k*{x). The 
elements of R^~^{X) are called Ki-chains. As usual we denote by CH^(X) 
the p-th Chow group of X. In section 5, it is proven: 



Proposition 1.32. The differential in the Gersten-Quillen spectral sequence 
d : RP'HX) R^iX) zs gzven by d f = div(/) = div(/.). □ 

Therefore, we obtain an identification 

CH^'(X) = Rl{X)/dRl-\X) = E^'-^iX). 
Hence, by proposition II. 3 H we obtain a natural isomorphism 

ch^(x)q = //J(x,( 
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The discrepancy in sign between proposition 11.321 and [T7j, p. 365, stems 
from the fact that we are using a different convention for the connecting 
morphism (see remark r2.71|l . 
Let us write 

where ZRl-\X) = Ker(d : RPp'\X) — > R^iX)) is the subgroup of cycles. 
Then, again by proposition 11.311 we have an isomorphism 

CW-'^p{X)q = H'j'"\X,Qip)). 

Chow groups with support. For a closed subset F C X, we define 

xexMnY 

In particular, i?^ y(X) equals the group Zy(X) of p-codimensional cycles on 
X with support on Y. We write 

CRUX)=R;^y{X)/dRl^\X), 

cnr^'^W = zR;-y\x)/dRi-y\x). 

We call CHy(X) the Chow group of p-codimensional cycles on X with sup- 
port on y. As before we have isomorphisms 

CH^y(X)Q = E^'-'iXh = HXriXMp)), 
CHr^'^(X)Q - El;y''-^iX)Q - HXy\xMp))- 

Writing U = X \ Y , we have a long exact sequence 

CHP-i'P([/) ^ CHf,(X) — > CHP(X) — > CHP([/) — > 0. 

A family of supports on X is a family of closed subsets of X such that, if 
Y, Z & (p, then Y U Z ^ ip. For any family ip of supports on X, we define 

RlJX) = \\mRlyiX), 
CHP(X) = ImiCH^(X), 
CHP-i'P(X) = lmiCH^~''^(X), 
Hl^{X,Q{p)) = \imHlyiX,Q{p)). 



31 



We have the isomorphisms 

Intersection of cycles on regular schemes. A method of defining 
products for the Chow groups of regular schemes, where no moving lemma 
is available and it is not possible to use the deformation to the normal cone 
technique, is given by means of the isomorphism between Chow groups and 
absolute cohomology groups. In this way we can transfer the multiplicative 
properties of iiT-theory to the Chow groups. Namely, we define a pairing 

CHf,(X)Q (g) CII|(X)q — > CII^nz(^)Q 

by means of the commutative diagram 

CH?.(X)q ® CH|(X)q CRp-^'ziXh 



HXviX, Q{p)) ® HXziX, Q{q)) HX^'n'ziX, Q{p + q))- 

Theorem 1.33 (Gillet-Soule [35J). If X is a regular scheme of finite Krull 
dimension, and Y, Z are closed subsets, then the above pairing 

CH?^(X)q ® CH|(X)q CRp^^'zi^h 
satisfies the following properties: 
(i) It turns *-^Hy(X)Q into a commutative ring with unit [X] e CH°(X). 
(a) It is compatible with the change of support maps 

CHy(X)Q > CHy, (X)(Q, 

whenever Y G Y' G X . 

(Hi) Let y G CHy(X)Q, z G CHKX)q with Y = suppy, Z = suppZ, 
and Y, Z having proper intersection. Then, their intersection product 
y ■ z E C}1^^z{X)q is given by Serre's Tor -formula 



y ■ z 



ceynz \j>o / . 



where ioxx denotes the length of a Ox.x-i^odule. 
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□ 

It is clear from this result that, if (p and ip are two families of supports, then 
there is an induced pairing 

ch^(x)q ® ch;(x)q ch^^^;(x)q, 

where 9? fl ■?/' is the family of supports given by 

Lpni) = {Ynz\Y e'p.z ei)}. 

We will also need products between CHP~^'P(X) and CH''(X). 

Theorem 1.34. Let X he a regular scheme, let Y , Z he closed suhsets of X , 
and set U = X \ Y . Then, there exists a well-defined pairing 

CW-^'^Q ® CH|(X)q OT/,«^-^'^+^(X \ {Y n Z))q 
such that the diagram 

cff-i'^(f/)Q ® ch|(x)q — . c%'-^','-'^\x\iYnz)h 

CH^(X)q (g) CH|(X)q ^ CH^nz(^)Q 

commutes. 

Proof. The pairing is defined by imposing the commutativity of the diagram 

OT-i'P(f/)Q ® CH|(X)q H'^-\U,Q{p))(^H2z{X,Q{q)) 

u 

The compatibility of the pairing with the connection morphism now follows 
from theorem (iv). □ 

For aii'i-chain / G K^~^{X), put y = div(/), Y = suppy, and U = X\Y; 
observe that / determines an element [/] G CW~^'^{U). Let z be a g- 
codimensional cycle with Z = supp z. By the above theorem, there is a 
well-defined element 

[f]-[z]eC%^^%-'^'^\x\{Ynz)h. 

Using that Rpl^g"^ {X \ {Y n Z)) is a direct summand of Rp^'^^^ {X) , the above 
theorem implies 
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Corollary 1.35. Assume that f/ n Z 7^ 0. Then, there exists a Ki-chain 
g e Rp'^'^~'^{X)q, determined up to d RpXl~'^{X)Q + Rp'^g~^^z{X)Q, such that 
its class in C}ip^^'^'^^''{X \{Y f] Z))q is equal to [/] ■ [z] . Moreover, we have 

[div(^)] = [div(/)] ■ [z] (1.36) 
in the group CB.^^^{X)q. □ 

Remark 1.37. If we have codim(ynZ) = p+q in corollarv ll.35| the equality 
CR^^^zi^) = TTy^zi^) shows that identity (P3F)|) holds true on the level of 
cycles, i.e., we have 

div(5() = div(/) ■ z. 

Pull-back. Here we recall the properties of the pull-back of algebraic cycles 
and i^i-chains by a quasi-projective morphism of regular schemes. Let us 
start with the case of cycles. Since any such morphism can be factored as 
the composition of a closed immersion and a flat morphism, we will discuss 
both cases separately. For fiat morphisms the pull-back is defined as in 
1.7, and for closed immersions one uses the deformation to the normal cone 
technique (see jSZI, 4.4.1). Hence one can define the inverse image for a 
quasi-projective morphism using any factorization into a closed immersion 
followed by a fiat morphism, and then proves that the result is independent 
of the chosen factorization. The main properties we need are: 

Theorem 1.38. Let f : X — > Y be a quasi-projective morphism of regular 
schemes. Let ip he a family of supports on Y , and let ip = f~^{f) be the 
corresponding family of supports on X . 

(i) Assuming that f = goi = hoj, where i, j are closed immersions and 
g, h are fiat morphisms, we have 

z o g = J oh. 

Therefore, for allp > 0, there is a well-defined homomorphism of Chow 
groups 

r : CW^{Y) CH^(X). 
(ii) The map f* induces a ring homomorphism 

/*:0OT(r)Q^0OT(X)Q. 

p>0 p>0 

(Hi) The pull-hack map f* : CH.^{Y)q — > CH^(X)q corresponds via the 
isomorphisms OT(y)Q = ifJ(F, Q{p)) and CHP(X)q = ifJ(X, Q{p)) 
to the pull-hack defined in ahsolute cohomology. 
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(iv) If g : Y — > Z is another morphism, then we have {g o /)* = f* o g* . 

□ 

To define the pull-back for i^'i-chains, one observes first that the Gersten- 
Quillen spectral sequence is contravariant for flat morphisms. Moreover, in 
jIMj ■ there is a definition for a pull-back of i^'i-chains for closed immersions 
using the deformation to the normal cone technique. The next result follows 
from PI and [SZI, 4.4.2. 

Theorem 1.39. Let f : X — > Y be a quasi-projective morphism of regular 
schemes. Let f = g o i be a factorization of f into a closed immersion i 
followed by a fiat morphism g. Let U C Y be an open subset and Z <Z U a 
closed subset. Let us write U' = f^^{U) and Z' = f^^{Z). 

(i) For any p > 0, there is a homomorphism 

f* = i*og*: CH7''P(f/) CH^7''^(f/') 

which does not depend on the factorization chosen. 

(a) Let us denote by 6 the connection morphisms 

CR^-^'P(u) ^ CH|^^(r), 

Then, we have f*oS = 6of*. 

(Hi) The induced map f* : CH^~^'^(f/)(Q — > CH^7"'^'^(f/')Q corresponds via 
the isomorphisms CWf^'''{U)Q ^ hXz\U,Q{p)) and CH^7^'^(f/')Q = 
H'^'z^iU' ,<Q,{p)) to the pull-back defined in absolute cohomology. 

Proof. The definition of i* is given in 4.4.2. By definition, to show that 
/* is compatible with the connection morphisms and with the pull-back in 
absolute cohomology, it is enough to treat the fiat morphisms and the closed 
immersions separately. For fiat morphisms the result is clear. The compati- 
bility with the connection morphisms for closed immersions is proven in [SZj , 
4.4.2. To prove the compatibility with the pull-back in absolute cohomology, 
one observes that all the steps in the definition of i* are compatible with the 
isomorphism with absolute cohomology. □ 
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Push-forward and the projection formula. Let / : X — > X' be 
a proper morphism of regular, equidimensional, quasi-projective schemes in 
ZAR(S') of relative dimension d. Then, the Gersten-Quillen spectral sequence 
is covariant for proper morphisms (see Pl])- In particular, for any closed 
subset y C X, we have morphisms 

U:CWy{X)-^C^^-'{X'), 



rp-d- 

These morphisms satisfy the following properties 



/, : CR^y-^'^ix) cmv^r^'P-'^ix'). 



Theorem 1.40. Let f : X — > X' be a proper morphism of regular, equidi- 
mensional, quasi-projective schemes in ZAR(5'), of relative dimension d. 

(i) Let Y he a closed subset of X' . Let us write U' = X' \ Y and U = 
X \ f^^{Y). Then, the following diagram commutes 

CHP-l'P(t/)^CH^-i(y)(X) 



(ii) If g : X' — > X" is another proper morphism of regular, equidimen- 
sional, quasi-projective schemes in ZAR(5'), we have 

(g o /)* = 9*° /*• 

(Hi) The direct image of cycles and Ki-chains is compatible with the direct 
image in absolute cohomology. 

(iv) For a G CW{X') and (3 G CW{X) we have 

/,(/*(«) ■/3) = a- fM e CW+'-''ix%. 



Proof. The first and second statement follow from the covariance of the 
Gersten-Quillen spectral sequence. The third statement follows from the 
Riemann-Roch theorem, and the fourth statement follows from the third 
and the projection formula for absolute cohomology. □ 
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1.5 Gillet cohomology and characteristic classes 

In this section we will recall some facts about characteristic classes from 
higher i^-theory to a suitable cohomology theory. We will follow the ax- 
iomatic approach of hence, we will ask the cohomology theory to satisfy 
all the properties stated in [33]. Any such cohomology theory will be called 
a Gillet cohomology. Note however that the definition of Gillet cohomology 
given here is slightly different from the definition in 

Gillet cohomologies. We fix a field k. Let Y be the category of smooth 
schemes over k (recall that by scheme we mean a noetherian, separated 
scheme of finite KruU dimension). Let be a category of schemes and 
proper morphisms that contains all closed immersions Y — > X with X in 
i^. Let C be the big Zariski site of the category i^. 

Definition 1.41. A Gillet cohomology is given by the following data: 

(1) A graded complex of sheaves of abelian groups Q*{*) in the site C, 
together with a pairing in the derived category of graded complexes of 
abelian sheaves on C 

z 

which is associative, (graded-) commutative, and has a unit. Given 
such a complex Q = for each pair {Y,X), with X in and Y 

a closed subscheme of X, we define the cohomology groups of X with 
coefficients in Q and support in Y by 

HUx,g{j)) = m^{x,g*{j)). 

Since these cohomology groups are defined as the hypercohomology 
groups of a multiplicative Zariski sheaf, they satisfy the usual multi- 
plicative and functorial properties (see definition 1.1). 

(2) A homology theory, that is, a covariant functor from the category 
to bigraded abelian groups 

x^^H,{x,g{j)). 

i>0 

jez 

This homology- cohomology theory has to satisfy the properties (i)-(xi) of 
|34j ■ definition 1.2 with d = 2. Since we are distinguishing between objects 
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of 'y and of we have to specify to which category the objects in question 
in properties (i)-(xi) belong: In (i), (ii), (viii) X, F G in (iii), (v) X G 
Y e %\ in (iv) X G %\ in (vi), (vii) X, F G r ; and in (ix), (x) X G r. In 
addition to Gillet's axioms, following Beilinson |4j, we will also assume 

(xii) E\-, g{j)) = for alH < and all j G Z. 

Definition 1.42. A Gillet complex over k is the graded complex of sheaves 
of abelian groups Q = of a Gillet cohomology. 

Remark 1.43. The main discrepancy between the definition here and that 
of [34] is that the objects of Y and of "fl are not the same. The reason for 
this is that we want a Gillet complex as a sheaf only over smooth schemes. 
On the other hand, we want to have cycle classes for arbitrary subschemes. 
Therefore, we need the homology also to be defined for singular schemes. 

Purity. Property (vi) of the Gillet axioms includes the following purity 
condition: If (X, Y) is a pair of schemes in C with Y a closed subscheme of 
X of pure codimension p, then the natural map 

H%Y,gij))—.H;^'^ix,g{j+p)) 

is an isomorphism. 

This purity condition, together with the vanishing assumption (xii), im- 
plies: 

Proposition 1.44. LetQ be a Gillet complex overk, and X a regular scheme 
in ZAR(Spec(A;)). For any closed subset Y of X of codimension greater or 
equal to p, we then have 

Wy{x,g{p)) = o 

for all i < 2p. □ 

Sheaf cohomology as generalized gohomology. Usual sheaf coho- 
mology of abelian sheaves can also be realized as generalized cohomology. 
The reader is referred to [TTj, jMI, [21], and jUj, appendix B, for details. 

Given a cohomological complex of abelian groups G* indexed by non- 
positive integers, the Dold-Puppe functor associates to it a simplicial abelian 
group K{G) pointed by such that 

h-\G*) = 7T,{K{G),0). 

Given a general cohomological complex G, we will denote by Up the bete 
filtration (see section EH]) . Then, we can define an infinite loop spectrum 

K{G)N = K{ao{G[N])). 
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We can recover all the cohomology groups of G from the stable homotopy 
groups of this spectrum. 

We can sheafify the above construction and then associate to each com- 
plex of abelian sheaves Q an infinite loop spectrum of spaces K{Q). Moreover, 
we have (see jlTj): 

Proposition 1.45. Let Q he a hounded helow ahelian sheaf over the site C . 
Then, we have for every X in C , 

Hi^ix,Kig)) = w^^^ix,g). 

□ 

Characteristic classes. To a Gillet cohomology theory, one can asso- 
ciate a theory of characteristic classes from higher i^'-theory (see jHl], 
These characteristic classes can be constructed on the level of spaces (see 
|34j . pi]). More specifically, we have the following result: 

Theorem 1.46. Let ©jgg^*(j) he a Gillet complex over k. Moreover, as- 
sume that the sheaves G^j) are injective for all i,j. Then, for every j > 0, 
there is a Ghern class map of spaces 

These maps induce morphisms 

c, : HIAX,K) H%^\X,K{Gm = H'^^^{X , G (j)) 
for all spaces X . 

Proof. The injectivity of G''{j) implies that G*{j) are pseudo-fiasque com- 
plexes (see section II. 2|) . This result is a particular case of theorem 
B.3.7. □ 

This theorem implies in particular that there is a definition of Chern 
classes with support. That is, if F is a closed subscheme of X, then there 
are classes 

cj : KliX) ^ H'y^-{X,G{j)). 
Moreover, these Chern classes are natural and satisfy 

Proposition 1.47. Let Y he a closed suhset of X and U = X \ Y . Then, 
the Ghern classes form a morphism of exact sequences 

KUX) > KUU) Kl-iiX) > ... 

H'^-"^{X,G{j)) > H^='^{UMj)) Hl^-'^^'iXMj)) ^ ••• 

□ 
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Bloch-Ogus spectral sequence. Since the set of axioms in [3l] in- 
clude in particular all the axioms of [7^ , we can form the Bloch-Ogus spectral 
sequence associated to the cohomology Q. Moreover, by the fact that char- 
acteristic classes are defined on the level of sheaves, characteristic classes 
induce morphisms from the Gersten-Quillen spectral sequence of i^-theory 
to the Bloch-Ogus spectral sequence of ^-cohomology (see ^j, §3). 
Let X G X^P\ and let l : {x} — > X be the inclusion. We will write 



H\x,gij)) = \miW{{x}nu,gij)), 

u 

Hl{X,g{j)) = \iriiH^^^^{X,g{j)), 

where the limit is taken over all open sets U of X containing x. By the purity 
property of a Gillet cohomology, l induces isomorphisms 

ir.H\x,g{j))^H:+'^{x,g{j+p)). 

The Bloch-Ogus spectral sequence is a spectral sequence 

Erij)^H^+'^iX,gij)) 

with 

^r(j)= H^^\x,g{j)) 
- H^-^{x,gu-p)). 

Characteristic classes induce morphisms between the Gersten-Quillen spec- 
tral sequence and the Bloch-Ogus spectral sequence (see jSl], §3). 

Proposition 1.48. For each Chern class Cj there is a morphism of spectral 
sequences 

K^:,-M)^ H'J^'^'^{x,g{j)). 

Moreover, this morphism is contravariant for flat morphisms. □ 
We can form a commutative diagram 

e.«(..^V.(^) ^ ®xexi.^m^^'^'ix,gij)) 



@xexi.^ K_,_,{k{x)) —A ^^^^^^^H^J^P^'^{x,g{j-p)), 

where the bottom arrow is determined as a consequence of the Riemann-Roch 
theorem without denominators (see [34j, theorem 3.9). 
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Lemma 1.49. Let X be a smooth, noetherian k-scheme of finite Krull di- 
mension. Let X E X^P\ and let rj^ G H^{x,Q{0)) be the fundamental class. 
Then, there is a commutative diagram 



such that a G K^p^g{k{x)) satisfies 

7r(«) = 



(jlp-i)/ if3>p, 
rk(a)r7^, if j = P- 



□ 



Classes for cycles and ATi-chains. For the construction of arithmetic 
Chow rings we are mainly interested in the induced classes of algebraic cycles 
and i^i-chains. 



Definition 1.50. Let x E X^p\ and let l : {x} — > X be the inclusion. For 
a E Ko{k{x)), we will denote by clg(a) the class 

clg(«) = uXi^ia)) = uXrHa)n,) E H'/{X,gip)). 

Furthermore, for / E Ki{k{x)), we will denote by clg(/) the class 

clg(/) = .,((-ir7p\i(/)/p!) = E H'/^\X,g{p + l)). 

By linearity, we obtain well-defined morphisms 

dg:RP{X)^ H'/{X,g{p)), 

dg:Rl-\X)^ H'/-\X,g{p)). 

These classes should be interpreted as the Chern character. Namely, using 
the isomorphism between Chow groups and absolute cohomology, the classes 
of definition II . 501 induce classes between absolute cohomology groups and the 
Gillet cohomology groups which agree with the Chern character. 
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Proposition 1.51. There are commutative diagrams 

clg ch 



and 



clg 



ch 



h^^'\xMp)) > H'p-\x,g{p))Q. 

Proof. This follows from lemma 11.491 and the power series expansion of the 
Chern character. □ 

Basic properties of the morphism dg. The next result follows from 
the purity of a Gillet cohomology, proposition 11.471 and proposition 11.321 

Proposition 1.52. (i) Let y G ^^f^xip) ^o{k{x)) be a p-codimensional 
cycle with Y = suppy. Then, clg{y) determines a well-defined class 
dgiy)eH'/iX,gip)). 

(a) For a Ki-chain f G Kf^~^{X), put y = div(/), Y = suppy, and 
U = X \ Y . Then, c\g{f) determines a well-defined class c\g{f) G 

H^^-\u,g{p)). 

(Hi) With f as in (ii), the equality 

dg{dw{f)) = 6c\g{f) e H'y'{X,g{p)) 

holds, where S is the connection morphism 

6 : H'p-\u,g{p)) ^ H'^\X,g{p)). 

(iv) If h E is a K2-chain, then the class dg{dh) vanishes in the 

group H^P'\X,g{p)). 

□ 

Corollary 1.53. Let (p he any family of closed supports. Then, the mor- 
phisms dg induce morphisms 

clg:CH^(X)^fff(X,^(p)), 
dg:CW-'^%X)-^HlP-\XMp))- 
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Moreover, if Y <Z X is a closed subset with U = X \ Y, then there is a 
morphism of exact sequences 

□ 

Product, pull-back and push-forward. Let us summarize the com- 
patibility properties of characteristic classes from Chow groups with prod- 
ucts, inverse images and direct images. Recall that in this section all schemes 
are defined over a field. 

Proposition 1.54. The morphism 

dg:^CR^{X)^^H'P{X,g{p)) 

p>0 p>0 

is multiplicative. □ 

Proposition 1.55. For a Ki-chain f e Rp~^{X), put y — div(/), Y — 
suppy, and U = X \ Y; for z e R'^{X), put Z — suppz. Then, for any 
Ki-chain g e i?p^g~^(X)Q representing [f ■ z], the equality 

c\g{g) = c\g{f) ■ c\g{z) G HI^^^'^-\X \{Y H Z), g{p + q))^ 

holds. Moreover, we have c\g{d\v{g)) = clg(div(/)) ■ clg{z). □ 

Proposition 1.56. Let f : X — > Y be a quasi-projective morphism of 
regular schemes. Let (p be a family of supports on Y, and let ip — f~^{(p) be 
the corresponding family of supports on X. Then, we have a commutative 
diagram 



r 



r 



ch;(x) H';ix,g{p)). 

Furthermore, let U G Y be an open subset and Z G U a closed subset. Let us 
write U' = f^^{U) and Z' = f^^{Z). Then, we have a commutative diagram 

cHr^'^(c/) ^ H'r\u,g{p)) 



r 



r 



□ 
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Proposition 1.57. Let f : X — > X' be a projective morphism of regular, 
equidimensional schemes of relative dimension d. Let Y be a closed subset of 
X. Then, the diagrams 



and 



H'^{x,g{p)) 



CWy^'P{X) 



clg 



hI^-\xMp)) 



cm'^-^'^-^x') Hf^y^''-\x',g{p-d)) 



are commutative. 



□ 
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2 Some topics from homological algebra 
2.1 /c-iterated complexes 

In this section we will introduce the notion of A;-iterated complexes and dis- 
cuss its relationship with A;-complexes. Let Rhe a commutative ring and A 
the category of i?-modules. 

/c-COMPLEXES AND /c-ITERATED COMPLEXES. 

Definition 2.1. A k-complex A = (A*'"-'*, di, . . . , d^) is a Ar-graded R- 
module A together with k endomorphisms di, . . . , d^ of multi-degrees 

(1,0,...,0),...,(0,...,0,1), 

respectively, such that for all i,j 

d- = 0, di dj = - dj di . 

We will denote by k-C^ {A) the category of /c-complexes which are bounded 
from below, i.e., there is an integer m such that — q, whenever 

rii < m {i — 1, . . . ,k). 

Definition 2.2. A k-iterated complex A = (A*' -'*, di, . . . ,dfc) is a /c-graded 
ii!-module A together with k endomorphisms di, . . . , d^ of multi-degrees 

(1,0,...,0),...,(0,...,0,1), 

respectively, such that for all i,j 

d- = 0, di dj = dj di . 

We will denote by {C~^)''{A) the category of /c-iterated complexes which are 
bounded from below. 

By convention, in the sequel all /c-complexes and /c-iterated complexes 
will be bounded from below, even if it is not stated explicitly. 

Definition 2.3. Let Ck : {C+)^{A) — > k-C-^{A) be the functor given by 
associating to a /c-iterated complex (74"'i ' di, d2, d^) the /c-complex 
di, (-1)"! d2, . . . , dfc). 

This functor is an equivalence of categories. 
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The simple complex. 

Definition 2.4. (i) Let A = di, da, ... , d/t) be a fc-complex. Then, 

the associated simple complex s{A) is defined by 

k 

niH |-nfc=n i=l 

(ii) Let A = (A"!- -'"*, di, da, . . . , d^) be a /c-iterated complex. Then, ^/le 
associated simple complex is defined by 

s{A)^s{Ck{A)). 

We have defined the simple complex of a A;-itcrated complex by contract- 
ing all the degrees into one degree. Sometimes it will be also useful to make 
only a partial simple. 

Definition 2.5. Let A = (A*'"''*, dj^ i, . . . , d^^k) be a /c-iterated complex with 
k >2. We denote by Sjj^i{A) the (A; — l)-iterated complex given by 

Sj j+i{A)^^'"''"'''~^ — y^ni,...,nj-i,p,q,nj+i,...,nk-i 
p+q=nj 

with differentials 

{dA,i X, if i < j, 

dA,i X + {-Ip dA,i+i X, ff i = j, 
dA,i+i X, ff i > j, 



where x e A^^'-'^i' 



Signs. The simple complex of a fc-iterated complex depends on the choice 
of an ordering of the degrees. If wc choose a different ordering, we obtain 
a naturally isomorphic complex. In order to describe explicitly these iso- 
morphisms it suffices to treat the case of the transposition of two adjacent 
degrees. 

Definition 2.6. Let Tjj+i be the functor on {C^Y{A) to itself given, for 
A e {C+nA), by 

rp ^^^j^ni,...,ni,ni+\,...,nk _ ^ni,...,ni+i,ni,...,nfc 

Proposition 2.7. Let A he a k-iterated complex. The map 

s{A) ^ s{T,,+,{A)) 

given by 

X I — ^ {x e 

is an isomorphism of simple complexes. □ 
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External product. 



Definition 2.8. Let A be a fc-iteratcd complex, and let B be an /-iterated 
complex. Then, the external product B is the {k + /)-iterated complex 
with groups 

and differentials 




dj (8) id, if i < A;, 
id(8)dj_fe, if i > k. 



The definitions of the functors Ck and of the simple of a /c-iterated complex 
are chosen in order to have compatibility with the usual sign convention in 
the tensor product of complexes. 

Lemma 2.9. Let A be a k -iterated and B he an I -iterated complex. The map 

s{A) s{B) — > s{A M B) 

given hy a®h ^ a®h is an isomorphism of complexes. □ 

Tensor product. Let us show how to define the tensor product in the 
category of 2-iterated complexes. 

Definition 2.10. Let A^B he a, pair of 2-iterated complexes. Then, the 
tensor product A® B oi A and B is the 2-iterated complex 

Remark 2.11. This definition is justified by the fact that A® B satisfies 
the universal properties of a tensor product of A and B in the category 
of 2-iterated complexes. In particular, there are canonical isomorphisms 

A® B = B ® A and A® {B ® C) = {A® B) ® C] moreover, if A, B, C, D 
are complexes of i?-modules, then the identity map on the level of elements 
induces an isomorphism 

{AM B) ® {C M D) ^ {A® C) M {B ® D). 

Examples. Let us discuss some fundamental examples of 2-iterated com- 
plexes. 

Example 2.12. Let / : [A*, d^) — > (5*, d^) be a morphism of complexes. 
Then, we can consider the 2-iterated complex (/*■*, d',d") defined by 

f^'i = A\ f''^ = B\ d' = /, d"|/o.. =d^, d"|^M=dB. 
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By abuse of notation we denote this 2-iterated complex by /. By definition, 
the simple complex s{f) = s{A,B) of / is given by s{f) = s{C2{f *'*))■ 
Explicitly, we have 

sifT = s{A, Br = A" © B^~\ d(a, b) = {dA a, f{a) -dsb). 

Definition 2.13. Given a complex {A*,d), and an integer k, the shifted 
complex A[k] is given by A[A;]" = with differential (— l)'^d. 

Remark 2.14. Recall that the mapping cone of a morphism / : A — > B of 
complexes is defined as 

cone(/)" = © B^, d(a, b) = (- d^ a, /(a) + d^ 6). 

Therefore, we have s{f) = cone(— /)[—!]. 

Example 2.15. Let / : A — > B and g : B — > C be morphisms of com- 
plexes with g o f = 0. We may consider the diagram 

^={A B C) 

as a 2-iterated complex (^*'*, d', d"), where the groups are 

the differential d' is either f or g and the differential d" is the differential of 
the complexes A, B or C. By abuse of notation, we denote this 2-iterated 
complex by ^. 

Proposition 2.16. With the notations of example \2.L% let l : A — > s{—g) 
be the morphism given by L{a) = (/(a),0). Then, there is a natural isomor- 
phism of complexes 

siO ^ s{A s{-g)) 
given by (a, 6, c) i — > (a, (6, c)). □ 

The simple complex of a tensor product. For the rest of this section 
/i : Ai — > Bi and /2 : A2 — > B2 will be morphisms of complexes. Consid- 
ering these morphisms as 2-iterated complexes as in example I2.12[ we have 
by definition ITTm 

/l®/2 = Si,2S3,4(T2,3(/lK/2)). (2.17) 

This 2-iterated complex is naturally identified with the 2-iterated complex 
associated to the diagram 

^={A^A2 SIl^^^:^ B,®A2®A,®B2 ''^^^^^^^^'^^ B.^B^) 

(2.18) 

as in example 12.151 



48 



Remark 2.19. Note that, if we consider /i : Ai — > Bi and /2 : A2 — > B2 
as morphisms and not as 2-iterated complexes, then fi ® /2 is the morphism 
/i ® /2 : ^1 ® A2 — > Bi® B2. It will be clear from the context which point 
of view is adopted in each case. If there is a danger of confusion, we will 
point out whether /i ® /2 is a 2-iterated complex or a morphism. 

Proposition 2.20. There is an isomorphism of complexes 

sUl) ® S{f2) ® /2) 

given by 

(01,61)^(02,62) I — > (ai®a2, (6i®a2, (-l)''ai®62), (-l)"~^6i®62), (2.21) 
where (ai,6i) G s(/i)" and (02,62) G s(/2)'". 

Proof. By lemma we have an isomorphism s(/i) (8> s(/2) — ^(/i Kl /2). 
Since s(/i M f2) = s(T2,3(/i K /2)) by proposition 123 and since s{T2,z{fi ^ 
/2)) = ■s(si,2S3,4(T2,3(/i Kl /2))), the existence of the claimed isomorphism 
follows by definition 12. 101 of /i ® /2- 

Let us compute this isomorphism explicitly: For this we take (ai,6i) G 
s(/i)" and (02,62) G s(/2)™. Viewing oi, 61, resp. 02, 62, as elements of 
the 2-iterated complex /i, resp. /2, the elements ai, 61, 02, 62 have bidegree 
equal to (0, n), (1, — 1), (0, m), (1, m — 1), respectively. Then, the element 
(ai, 61) ® (02, 62) G s(/i) s(/2) is mapped to the element 

ai (g) a2 + 61 (g) a2 + ai (g) 62 + 61 (g) 62 

of s(/i M /2), where the summands have the following 4-degree: 



element 


4-degree 


Oi ® 02 


(0, n, 0, m) 


61 ® a2 


(1, — 1, 0, m) 


0-1 ® 62 


(0, n,l,m — 1) 


61 ® 62 


(1, n — 1, 1, m — 1) 



Applying T2,3 to /i Kl /2, the latter element is mapped to 

ai®a2 + bi®a2 + (-l)"ai ® 62 + (-l)""^6i ® 62, 
which by the identification 12 . iHl is mapped to the element claimed in formula 

I22II □ 
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COMMUTATIVITY OF THE EXTERNAL PRODUCT. The following observations 
will be needed in the discussion of commutativity and associativity of the 
product in relative cohomology defined in the next section. 

Proposition 2.22. There is a commutative diagram of complexes 



where cti and jSi are the isomorphisms determined in ()2.21|) . a2 is given by 
«2((ai, h) ® (a2, h)) = (-l)"'"(a2, h) ® (ai, h), (2.23) 
and j32 is given by 

/?2(ai ® 0-2, (&1 ® 02, fll ® &2), ® ^2) = 

((-l)""a2 ® fli, ((-l)"(™-^)&2 ® fli, (-l)^"-^^"a2 ® 61), (-l)"'"-"-"^62 ® &i) 

(2.24) 

wii/i deg(ai) = n, deg(6i) = n — 1, deg(a2) = m and deg(62) = m — 1. 

Proof. First we note that (32 is well defined by proposition 12.201 The com- 
mutativity can now be checked directly. The signs in the definition of the 
morphisms 0:2 and (32 are obtained as in the proof of proposition 12.201 □ 

Associativity of the external product. Furthermore, let /s : ^3 — > 
i?3 be a third morphism of complexes, and put (pi = fi ® id® id, 02 = 
id 0/2 ® id, 03 = id® id 0/3. Then, the 2-iterated complexes (/i ® /2) ® fs 
and /i (/2 ® /3) are both naturally identified with the 2-iterated complex 
associated to the diagram 

® A2 ® A3 ® A2® A3® Ai® B2® A3® Ai® A2(» B3 

^Bi ® B2® A3® Bi® A2® B3® Ai® B2® B3 
^Bi ®B2® B3, (2.25) 

where 

^l(a) = (01^, 02(3, 03a), 

^2(0, b, c) = (0i6 - 020, 0ic - 03a, 02C - 036), 

^3(0, 6, c) = 03a - 02^ + 0lC. 

In the sequel we will denote any of the two 2-iterated complexes (/i (8/2) ® /3 
or /i ® (/2 ® fs) by fi®f2® fs- 



50 



Proposition 2.26. There is a commutative diagram of complexes 

^2 



a2 



where ai and are isomorphisms induced by ()2.2H) . /3i zs given by 

pi{{a, h) ® (c, (c/, e), /)) = (a ® c, (6 ® c, (-l)"a ® c?, (-l)"a ® e), 

® rf, ® e, a ® /), 6 ® /), (2.27) 

wi/i n = deg(a, 6), anc? is given by 

(32{{a, {b, c), rf) ® (e, /)) = (a ® e, (6 ® e, c ® e, (-l)''a ® /), 

(rf ® e, ® /, (-l)"-ic ® /), ® /), 

(2.28) 

with n = deg(a, (6, c),d). 

Proof. The commutativity can be checked directly. The signs in the definition 
of the morphisms f3i and /?2 are obtained as in the proof of proposition 

?rM □ 

2.2 Relative cohomology groups 

Relative cohomology. 

Definition 2.29. Let / : A — > B he a morphism of complexes. Then, the 

relative cohomology groups ( of the pair A,B) are defined by 

H*iA,B) = H*isif)). 

For a cycle {a,b) G s(/)" we will denote by [a,b] its class in H"'{A,B). 
Observe that a cocycle of s{f) is a pair (a, b) with dyi a = and dsb = f{a). 
Moreover, the subspace of coboundaries is generated by elements of the form 
(d^a, /(a)) and (0,dB&). 

Natural maps. There are two natural maps relating the simple s{f) of a 
morphism / : A — > B with the underlying complexes A, B: 

a : s{f) — > A, given by (a, b) i — > a, 

and 

(3 ; B ^ sif)[l], given by 6h-^(0,6). 

We will denote also by a and (3 the corresponding morphisms for the cone 
given by the same formulas. 
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Distinguished exact triangles. Given a short exact sequence of com- 
plexes there are two possible choices for the connecting morphism; one is 
the opposite of the other. To choose the sign of the connecting morphism is 
equivalent to choose a set of distinguished exact triangles. 

Given a morphism of complexes / : A — > B, one has chosen in [26^, p. 
269, the exact triangle 

^ cone (/) ^ A[l] (2.30) 

distinguished exact triangle. 
There are two basic principles that can be applied to obtain a distin- 
guished exact triangle from another. The first one is that any exact triangle 
isomorphic (in the derived category) to a distinguished exact triangle is also 
distinguished. For instance, by means of the isomorphism cone(/) = s(/)[l] 
given by mapping (a, b) to (—a, b), we find that the exact triangle 

A M B ^ s{f)[l] ^ A[l] (2.31) 

is also distinguished. As another example we can change the sign of two out 
of the three morphisms of a distinguished exact triangle, and the resulting 
exact triangle will again be distinguished; this results from the following 
isomorphism of exact triangles 




The second principle is that a distinguished exact triangle can be shifted by 
one and the resulting exact triangle is again exact provided that the sign of 
one of the morphisms is changed. 

Applying these two principles to the distinguished exact triangle ()2.30|) . 
we see that the exact triangles 

s{f) ^ A^ B ^ ... , (2.32) 
s{-f) ^ A^ B ^ ... (2.33) 

are also distinguished. We note that these exact triangles are isomorphic by 
means of the isomorphism 

s{f)^s{-f), given by (a, 6) ^ (a, -6). (2.34) 
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Kernel, cokernel, and the simple. Let 

- 







be a short exact sequence of complexes. The sign of the connecting homo- 
morphism 6 is determined by the isomorphisms (in the derived category) of 
exact triangles 



A- 



B 



id 



id 



A- 



B 



-1 .(/)[!] "-™ 



(2.35) 



with 7r(a,6) = g{b), and 



s(-c 



A' 



9 13 

B-^C — 



(2.36) 



id 



id 



B 



C- 



with L{a) = (/(a),0). 

Definition 2.37. The morphism vr will be called the simple- cokernel quasi- 
isomorphism, and the morphism t will be called the kernel-simple quasi- 
isomorphism. 

The sign of the connecting morphism determined by the above isomor- 
phisms is given as follows. If c is a cycle in C" satisfying c = g{h) with 
h G -B", then we have 

5{c) = r\ABh). (2.38) 

Remark 2.39. Observe that the above connecting morphism is minus the 
connecting morphism considered in ^7]. This forces us to adjust many of 
the signs. 

The connecting morphism in relative cohomology. Since the exact 
triangle ()2.32j) is distinguished, we are led to the following definition 

Definition 2.40. Let / : A — > 5 be a morphism of complexes. The 
connecting homomorphism in relative cohomology is the morphism 



5 : H'''\B) 
induced by the natural map — /3. 



H''{A,B) 



53 



Split exact sequences. Let 

— > A ^ B ^ C — ^0 
be a short exact sequence of complexes. Assume that the short exact sequence 

— , ^" ^ C" — ^ 

is split for all n. Thus there arc sections a : C" — > B"- such that goer = idc-n. 
These sections allow us to give a quasi-inverse of the simple-cokernel quasi- 
isomorphism tt and the kernel-simple quasi-isomorphism l 

Proposition 2.41. Let 

— > B C — ^0 

he a short exact sequence as above such that for each n there is a section 
a : C" — ^ -B" of g. Then, we have the following statements: 

(i) The map i! : C — > s (/)[!] given by 

,\c:) = {f-\d^a{c:)-a{dcc)),aic)) 

is a morphism of complexes, and satisfies ttol' — idc andt'on ~ ids(/)[i]; 
where ~ means homotopically equivalent. 

(a) The map tt' : s{—g) — > A given by 

7r'(6, c) = {b - a{g{b)) - a{dc c) + d^ a(c)) 

is a morphism of complexes satisfying n' o l = id^, and t o tt' ~ ids[-g), 
where ~ means again homotopically equivalent. 

□ 

Change of complex. The following result is obvious. We quote it for 
future reference. 

Proposition 2.42. Let f : A — > B and g : B — > C he morphisms of 
complexes such that g is a quasi-isomorphism. Then, there is a natural quasi- 
isomorphism s{f) — > s{g of). □ 
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De Rham cohomology with support. 

Example 2.43. Let X be a differentiable manifold and Y a closed subset of 
X. Let us denote by E{X) the complex of C-valued differential forms and 
by a : E{X) — > E{X \ Y) the restriction morphism. Then, the relative de 
Rham cohomology groups of the pair {X, X\Y) are the cohomology groups 
of the simple s(cr). By standard arguments in sheaf theory these groups can 
be naturally identified with the cohomology groups of the constant sheaf C 
with support in Y, denoted by HyiX, C). Now let Z be another closed subset 
of X and j the morphism 

j : E{X \Y)® E{X \Z) — > E{X \{YU Z)) 

given by j{uj,ri) = —uo + rj. The restriction of differential forms induces the 
Mayer- Vietoris sequence 

^ E{X \ (F n Z)) E{X \Y)® E{X \ Z) ^ E{X \{YU Z)) 0, 

where the first map assigns to uj the pair {uj, uj). In this case the kernel-simple 
quasi-isomorphism of definition 12.371 is the quasi-isomorphism 

t:E{X\{YnZ))^si-j). (2.44) 

Using the quasi-isomorphism ()2.44j) together with proposition 12321 we obtain 
an isomorphism 

H^t:S{X,C) = H-+"^{E{X),s{-j)). (2.45) 

Using partitions of unity and proposition 12. 4H one can construct a quasi- 
inverse of the kernel-simple quasi-isomorphism l, hence an inverse of the 
isomorphism ()2.45|) . 

2.3 Products in relative cohomology 

External product. If A and B are complexes of i?-modules, there is a 
well-defined external product 

H*{A) (g) H*{B) — > H*{A (g) B). 

In particular, there is an external product in relative cohomology 



55 



Proposition 2.46. The external product in relative cohomology can he iden- 
tified with the pairing 

H^{s{h)) ® H^{s{h)) H^+^ {A, ® ^2, s(id ®/2 - /i ® id)) 

given by formula ()2.2H) . 

Proof. The result is a direct consequence of proposition 12.201 the identifica- 
tion ()2.18|1 . and proposition 12.161 □ 

Cup product. We have defined an external product in relative cohomology. 
Moreover, if there is a product defined on the level of complexes, then we 
obtain a cup product in relative cohomology. 

Theorem 2.47. Let 



id 0/2 



(2.48) 



Ai ® A2 Bi ® A2 ^0,0 — ^ ^1,0 



be a morphism of commutative diagrams in the category of complexes. Let 
i : i?o,o — ^ Eifi © Eq i, resp. j : Ei^ © i?o,i — > -^1,1? be the morphism given 
by 

i(x) = (/5(x), a{x)), resp. j{x, y) = -7(0;) + 5{y). 
Then, there is a pairing 

H^iA,, B,) ® H"'{A2, B2) H^^"'{Eo,o, s{-j)) 

given by 

[ai, hi] • [aa, 62] = K • ^2, ((&i • 02, (-l)"ai • 62), (-l)""^6i • 62)]; 
note t/iflt the map Eq^ — > s{—j) is given by x ^ {i{x),0). 
Proof. By proposition 12.201 there is a pairing 

H''iA^, B,) ® H'^{A2, B^) H^^^{s{i)), 
where ^ is given by ()2.18p . Let r] be the 2-iterated complex 

V = {Eofi — > Ei^o © Eo^i — ^ Ei^i). 

From the data given in the assumptions, we obtain a morphism • of 2-iterated 
complexes 

• : ^ 

hence we obtain a morphism if""'"™'(s(^)) — > H^^^[s{ri)). By proposition 
12. 161 the latter cohomology group is isomorphic to H"-~^"^{Eo^q, s{—j)), which 
completes the proof. □ 
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Remark 2.49. Letting = in the above notations and observing that 
if"(0, Bi) = we obtain from theorem ITiTI with Eq^ = a pairing, 

also denoted by •, 

® H'"{A2, B2) (2.50) 

given by 

N • [«2, &2] = [(fci • a2, 0), (-1)"-% • 62]. 

Corollary 2.51. With the assumptions of theorem 2.J^1 and remark 2.4^ we 
have a commutative diagram 



H^{Ai,Bi)®H"'{A2,B2) — ^ i7"+™(Eo,o,s(-j)), 

where 5 is the connecting morphism in the long exact sequence of relative 
cohomology described in 2.40[ □ 

The cup product in de Rham cohomology with support. 

Example 2.52. Recall the notations of example 12.431 Let us illustrate how 
the formalism developed in theorem 12.471 allows us to compute the product 

H^iX, C) ® H^iX, C) ^ H^VSiX, C) 

by means of differential forms. Let us write 

A^ = A2 = Eo,o = E{X), B, = Ei.o = E{X \ F), 
B2 = ^0,1 = E{X \ Z), = E{X \ {Y U Z)), 

and let • be the wedge product A. Then, the assumptions of theorem 12.471 
are satisfied. Hence the wedge product induces a pairing 

H^{X, C) ® H^iX, C) ^ H^+"^iEiX), si-j)) (2.53) 

given, for appropriate cocycles {00, t]) and {uj',ri'), by 

{uj A u', iiv A u', i-iruj A V), (-1)"-'^ A v')); (2.54) 

this is a cocycle in s{E{X), s{—j)). Then, the desired pairing is defined by 
composing the pairing ()2.53j) with the inverse of the isomorphism ()2.45j) . In 
particular, the cycle ()2.54|) represents a class in ify^^(X, C). 

Using standard arguments from sheaf theory one can see that the prod- 
uct constructed above agrees with the sheaf theoretic product in cohomology 
with support (see, e.g., [ini, proposition 2.5). One can also compare this con- 
struction with the definition of the Loday product in /^-theory with support 
given in section IT!^ 



57 



2.4 Truncated relative cohomology groups 



Definition of truncated relative cohomology groups. Let A = 
{A*, (Ia) be a complex of it!-modules. We will denote by Z'"{A) the submodule 
of cocycles of A^ and by A^ = A^/ Im d^- For a E A^ we write a for its class 
in A'^. Recall that the bete filtration apA of A is given by 



(apAr 



A"", if n > p, 
0, if n < p. 



Definition 2.55. Let / : (A*,dyi) — > (i?*,d^) be a morphism of complexes 
of /^-modules. The truncated relative cohomology groups associated with / 
are defined by 

H''{A,B)=H''{anA,B). 

In other words, 

H''{A,B) = {(a, 6) e Z^X^)©^""'|/(a) = ds6}. 

Basic properties. If (a, 6) e Z"(s(>l,5)), we denote by (a, 6) its class 
in H"'{A, B). The relative and truncated relative cohomology groups are R- 
modules in a natural way, and there are various natural maps relating them. 
The most important ones are the class map 

cl : #"(^, B) — > H'^iA, B), d{a,b) = [a, b], 
and the cycle map 

u : miA, B) — > Z"(A), uj{a,h) = a. 
We also recall the maps a and b, namely 

a : H^{A,B), a(a) = (-d^a, 

and 

b : H^-\B) m{A, B), h([b]) = (0, -b). 

Denoting the induced morphism a|jyn-i(A) : H"'~^[A) — > H"'[A,B) also by 
a, we observe for [a] e H'^~^{A) the relation 

a([a])=b(/(a)). (2.56) 
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Finally, we note the following commutative diagram: 



Z^{s{A,B)) 



W\A,B). 



Remark 2.57. The signs of the maps a and b are the reverse of the signs 
in [17,. This is due to the fact that the map b represents the connecting 
morphism in relative cohomology and we have changed the convention on 
the sign of the connecting morphism in order to be compatible with 120], P- 
269. The signs in the definition of the map a change accordingly. 

For more details about truncated relative cohomology groups and the 
proof of the following proposition we refer to [T7j, p. 352. 

Proposition 2.58. The following sequences are exact: 



H''-\A,B) — > A 



n— 1 3- 



cl 



B) ^ H'^iA, B) — ^ 0, 



— ^ H''-\B) 
H''-\A,B) — s 



H'\A,B) 



Z"(A) — > H'^iB), 

cl ®UJ 



H''~\A) ^ H'^{A,B) 

H'^iA, B) © Z"(A) — ^ H'^i.A) 



0. 



(2.59) 
(2.60) 

(2.61) 
□ 



FUNCTORIAL PROPERTIES. Let / : A — > B and /' : A' — > B' be mor- 
phisms of complexes and lei g : f — > /' be a morphism of the 2-iterated 
complexes /, /', i.e., g is a. pair of morphisms {gA, gs) such that the diagram 



A 



B 



9A 



9B 



A' 



r 



B' 



commutes. 



Definition 2.62. The morphism induced (in truncated relative cohomology) 
by g is the morphism 



g-.H'^iAB) 
defined by g{a,b) = {gA{a), gsib)). 
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The exact sequence fl2.60|) implies: 



Corollary 2.63. Let g be a morphism of 2-iterated complexes as in definition 
\2. 6'ij| such that is an isomorphism and gs is a quasi-isomorphism. Then, 
the morphism g induced by g is an isomorphism. □ 

This fundamental property of truncated relative cohomology groups will 
be of great use later. We also note that the requirement of gA being an 
isomorphism is essential. If we replace A by a quasi-isomorphic complex, the 
truncated relative cohomology groups are no longer isomorphic. 

2.5 Products in truncated relative cohomology 

The ^-product. We now specialize the discussion about products in rela- 
tive cohomology groups to the case of truncated relative cohomology. Let /i 
and /2 be as in section 12.31 Moreover, suppose that we have the morphism 
of commutative diagrams ()2.48j) . Then, there is an induced morphism 



Definition 2.64. The *-product in truncated relative cohomology (induced 
by •) is the pairing 

H^{AuB,)^H^{A2,B2) — ^ #"+-(Eo,o,s(-j)) 

provided by theorem 12.471 In particular, for (ai,6i) G H'^{Ai,Bi) and 
(02,62) e H'^{A2,B2), it is given by 

(ai, 61) * (a2, 62) = (ai • 02, ((&i • 02, {-IT a, • 62), {-1^-% • 62)^)- (2.65) 

Notice that, since the ^-product is induced by a pairing of complexes, 
the right-hand side of the above equation is independent of the choice of 
representatives 61 and 62 of bi and 62- 

Properties of the ^-product. We now summarize the basic properties 
of the *-product. 
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Proposition 2.66. With the above notations, there are commutative dia- 
grams 



and 



cliS)cl 

H^{A^,B,)®H"'{A2,B2) 
H^{A,,B^)®H"'{A2,B2) 

Z"(Ai) ® Z"'{A2 



if"+-(Eo,o,s(-j)), 
if-+-(Eo,o,s(-j)) 

Z"+-(Eo,o). 



□ 



Proposition 2.67. Wii/i the above notations we have the following state- 
ments: 

(%) h{H{Bi)) * a(l2) = 0. 

(a) If [bi] e and g = (02,62) e -^""(^2, ^^2), ^/^en, m t/ie (?ronj) 

(^Eq^q, s{—j)) , the following equality holds: 

h{[b,])*g = h{[b,].d{g)) 

with [bi] • c\{g) G H'"'^"^~^{s{—j)) given by the pairing ()2.50p . 

(Hi) If ai G A"""*^, and g = (02,62) ^ H"^{A2, B2), then, in the group 
H"'~^"^{Eofi, s{—j)) , we have the equality 

a(ai) *g = a{ai»uj{g)) 

with ai • uj{g) G -Eg q™~^ given by the pairing Ai A2 — ^ Eq q. 

(iv) If [ai] G //"~^(y4i), anc? (7 = (02,62) ^ H"^{A2, B2), then, again in the 
group H"'~^'^{Eq q, s{—j)) , we have the equality 

a([ai]) * g = a([ai] • [02]); 

/iere [02] is the class 0/02 in H'^{A2). 

Proof (i) For [61] G H"''^{Bi) and 02 G A2, we have 

b([6i]) * a(a2) = (0, -61) * (- d^a 02, -72(02)) 

= (0, ((61 . dA, a2, 0), (-l)"-i6i . /2(a2))~) . 



61 



Since bi is a cycle, we have 

(-1)"-^ d((6i . a2, 0), 0) = . dA, 02, 0), . /2(a2)) , 

which immediately proves the first statement. 

(ii) The formula we seek follows by a straightforward computation, 
(iv) For a cycle Oi e A^~^, we have 

a(ai) * (oa, 62) = (0, * (0-2,^2) 

= (0, - ((/i(ai) . a2, 0), (-1)«-Vi(ai) . 62)^) • 

Now we note 

d((0, ai . 62), 0) = ((0, d^, ai . 62 + (-l)"-'ai . ds, 62), -/i(ai) • 62) , 
hence 

(-1)" d((0, a^ . 62), 0) = ((0, -ai • /2(a2)), (-l)^^-Vi(ai) • 62) • 
This immediately leads to 

a(ai) * (a2, 62) = (0, -((/i(ai) • 02, oi • /2(a2)), 0)~) = a(ar^2), 
which proves the claim. 

(iii) Since uj{g) = 02, the equality follows immediately from the proof given 
for part (iv). □ 

Example. The following gives an example of the formalism developed for 
truncated cohomology. 

Let A be an associative, graded commutative, differential algebra over R, 
and B a graded commutative, differential algebra over R, which is associative 
up to homotopy, i.e., there exist morphisms 

h : B"" ® B"' ® B^ — > ^n+m+i-i 

satisfying 

(6162)63 - 61(6263) = d/i(6i ® 62 ® 63) + d(6i ® 62 ® 63). 

Furthermore, let / : A — > S be a morphism of graded differential algebras 
satisfying 

M/(«i)®/(a2)®/(a3))=0 
for all elements ai, a2, 03 in A. 
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Proposition 2.68. Let A, B, f : A — > B be as above. Then, we have the 
following statements: 

(i) The truncated cohomology groups H*{A,B) have a natural structure of 
an associative, graded commutative algebra. 

(a) In the particular case assumed we have h{H*{B)) * H*{A,B) = 0. 

(Hi) The class map cl : H*{A,B) — > H*{A,B) is a morphism of algebras. 

(iv) The cycle map u : H*(A,B) — > Z*(A) is a morphism of algebras. 

Proof. The key point of the proof is to show (i). Then (iii), (iv) will follow 
from proposition 12. 161 part (ii) is a direct consequence of the explicit descrip- 
tion of the *-product under the above assumptions and will be shown at the 
end of the proof. 

By assumption, we have a morphism of commutative diagrams 

A^B > B®B B > B 



A® A > B®A A ^ 5, 

where • is given by the underlying algebra structure. Therefore, ii j : B ® 
B — > B is the morphism given by y) = —x + y, we obtain a pairing 

H'^{A, B) ® H'^'iA, B) ^ #"+'"(v4, s{-j)). 

Now consider the short exact sequence 

> B B®B — ^ B > 0, (2-69) 

where the morphism i : B — > B®B is given by i{x) = {x, x). By the kernel- 
simple quasi-isomorphism (see definition 12. 3 7|) . i induces a quasi-iso morphism 
between B and s{—j). By means of coroUarv 12.631 we then obtain a natu- 
ral isomorphism H"'~^"^{A, s{—j)) = H"'~^"^{A, B). Therefore, the ^-product 
defines an inner product on H*{A, B). 

We now give an explicit formula for the *-product. Since the exact se- 
quence 12.691 is split, we easily find an explicit quasi-inverse for the quasi- 
isomorphism induced by i. Namely, by applying proposition 12.411 we can 
choose a quasi- inverse from s{—j) to B by the morphism given by 

{{x,y),z) I — > X. 
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With this choice we derive from ()2.65|) the formula 



(ai,6i) * (02,62) = (0102,61/(02))- 



(2.70) 



By corollary 12.631 this product does not depend on the choice of the quasi- 
inverse. 

We now show that the *-product is graded commutative. To do so, let 
(ai,6i) e H''^{A,B), (02,62) e H''^{A,B), and let (oi, 61), (02, 62) be respec- 
tive representatives. Then, the difference 



^a,a2 - (-l)"™a20i, 6i/(a2) - (-l)"'"62/(oi)) = (0, 61/(02) - (-l)"/(ai)62). 



This shows 

(ai, 61) * (a2, 62) = (-l)"™(o2, 62) * (01, 61). 

Finally, we show that the ^-product is associative. For this purpose, let 
(03,63) G H\A,B) be a third element. Consider the difference 

^(ai, 61) * (02,62)^ * (03, 63) - (ai, 61) * (^(02, 62) * (03,63)^ , 

which is represented by 

((0102)03, (6i/(a2))/(o3)) - (01(0203), 6i(/(a2)/(o3))). 

We have to show that the class of the latter difference in H'^~^"^~^''{A, B) is 
zero. By the associativity of A, we have (0102)03 = 01(0203). Moreover, by 
the associativity of B up to homotopy we have 



Since /(02) and /(03) are cycles, and since d6i = /(oi), we obtain by as- 
sumption 



From this the associativity of the *-product follows. 

Statement (ii) is obvious from the explicit formula ()2.7()j) given for the 



(01, 61) * (02, 62) - (-1)"'"(02, 62) * (Oi, 61) 



is represented by 




(6l/(02))/(03)- 6i(/(02)/(03)) = 

dh{bi ® /(02) ® /(03)) + hd{bi (g) /(02) ® /(03)). 



hd{bi ® /(02) ® /(03)) = /i(/(oi) ® /(02) ® /(03)) = 0. 



♦-product. 



□ 
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Remark 2.71. There are many discrepancies in the signs between this paper 
and the previous papers [12], [Hj. The main source for these discrepancies 
is that the convention for the sign of the connecting morphism in this paper 
is minus the connecting morphism in In particular, compare formula 

()2.H8|) with [TT, §2. But there are also some differences in the sign of the 
product. 
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3 Green objects 

The aim of this section is to develop an abstract theory of Green objects. It is 
a generahzation of |TZj and some arguments, hke the proof of the associativity 
and the commutativity of ^7], carry over to this abstract setting directly. 

3.1 ^-complexes 

The Mayer- Vietoris principle. 

Definition 3.1. Let X be a topological space. We say that a sheaf JF is a 
totally acyclic sheaf, if the restriction J^\u oi to U is acyclic for all open 
subsets U of X. 

We note that for instance every flasque or fine sheaf on X is totally acyclic. 

Definition 3.2. We say that a presheaf J-" on X satisfies the Mayer- Vietoris 
principle, if the sequence 

— > J^iu uv)^ T{u) © T{v) ^ T{u nv) — ^ 

with i{ri) = {j], rf) and i{uj, rf) = —u + rj is exact for any pair of open subsets 
U and V of X. 

Proposition 3.3. Let X be a noetherian space. Then, a presheaf on X 
satisfies the Mayer- Vietoris principle, if and only if it is a totally acyclic 
sheaf. 

Proof. Since X is noetherian, the exactness of 

— > J^iu uv)^ j^iu) © j^iv) ^ T{u n V) 

is equivalent to the fact that is a sheaf. If is totally acyclic, then the map 
j is surjective. Hence JF satisfies the Mayer- Vietoris principle. Conversely, if 
JF satisfies the Mayer- Vietoris principle, one can use induction on the number 
of open sets to show that, for any finite open covering 11 of X, the Cech 
cohomology group H^{ii,J-') vanishes. This implies that, if JF' satisfies the 
Mayer- Vietoris principle, then for any short exact sequence 

— — > — — ^ 

and any open set U, the sequence 

— > j^'iu) — > j^iu) — > r'iu) — > 

is exact. Then, the nine lemma implies that, if the sheaves JF' and JF in an 
exact sequence as above satisfy the Mayer- Vietoris principle, then also JF" 
does. One finally concludes the proof as in HI 2.5. □ 
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Definition of ^-complexes. In order to define arithmetic Chow groups 
with Green objects in a certain cohomology theory, the main property we 
have to require of the cohomology theory is that it receives characteristic 
classes from 7^-theory (at least from Kq and Ki) with natural properties. 
Since the arithmetic Chow groups will depend on the choice of the complex 
used to compute the cohomology, it might be more important to have a 
particular property of this complex than to have all the properties of a Gillet 
cohomology. Thus, in order to have characteristic classes, but also to retain 
flexibility in the choice of the complexes, wc will ask only that the cohomology 
theory factors through a Gillet cohomology. Thus, we fix a field k and an 
auxiliary Gillet complex Q = g*{*) for regular schemes of finite type over k. 
Furthermore, until the discussion of the functoriality, we also fix a regular 
separated scheme X of finite type over k. 

Definition 3.4. A Q-complex over X is a graded complex C — (C*(*),d) of 
sheaves of abelian groups over X together with a morphism 

tc-.Q 

in the derived category of graded complexes of sheaves of abelian groups over 
X such that the sheaves C'^{p) satisfy the Mayer- Vietoris principle for all n,p. 
For a ^-complex (C, Cc) over X we will simply write C as a shorthand. 

Definition 3.5. A morphism of Q-complexes over X is a morphism / : 
C — ^ C of graded complexes of sheaves of abelian groups over X such that 
the diagram 

g c 



id 



c 

commutes in the derived category of graded complexes of sheaves of abelian 
groups over X. 

Cohomology groups of a ^-complex. 

Notation 3.6. For an open subset U of X, the sections of C^{p) over U will 
be denoted by C^{U,p). If G C^{X,p), we will write uj\u for the restriction 
of u to U; moreover, if the open set U is clear from the context, we will 
simply write ui instead of a;|;7. Furthermore, if F is a closed subset of X and 
U — X \ Y, we introduce the following notation: 

H*c{X,p) = H*{C{X,p)), 
H*{U,p) = H*{C{U,p)), 

my{x,p) = H* {c{x,p),c{u,p)). 
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Analogously, for any family ip of supports on X, we define the cohomology 
groups with support in ip by H^^^{X,p). 

Since the sheaves C*{p) are totally acyclic, the cohomology of global sec- 
tions agrees with the hyper cohomology of the complex. Hence, there are 
induced morphisms 

H*iX,g{p)) ^ H*{X,p), 
H*{U,g{p))^H*{U,p), 

H*y{X,g{p))^Hly{X,p), 

which, by abuse of notation, will be denoted again by Cc- 

Lemma 3.7. Let Y he a closed subset of X, and U = X\Y . Then, there is 
a morphism of exact sequences 

n+li 



H-{x,g{p)) . H-{u,g{p)) H^+\x,g{p)) 



Cc 



cc 



Hsix,p) — > Hmp) H^yix,p) — > ... 

Proof. The proof follows immediately from the fact that Cc : g — > C is a 
morphism of sheaves. □ 

Characteristic classes in C-cohomology. Using the fact that there 
are well-defined characteristic classes in ^-cohomology, we can also define 
classes for cycles and i^i-chains in C-cohomology. 

Definition 3.8. Let yhe a p-codimensional cycle of X, and Y = suppy. We 
define c\c{y) G if^^y(X, p) to be the class 

clciy) = cc(clg(l/)). 

Let / G R^^^{X) be a i^i-chain, y = div(/), Y = snppy, and U = X \ Y. 
We define clc(/) G H'^^~^{U,p) to be the class 

Clc(/) = cc(cl,(/)). 

Here clg is given in definition 

If F = suppy and F C Z for a closed subset Z of X, by abuse of 
notation, we will also denote by c\c{y) the class in Hq^^{X,p). If there is a 
danger of confusion, we will write explicitly c\c{y) G H^^^{X,p) to indicate 
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in which cohomology group the class is considered. We will use the same 
convention for clc(/). In particular, if y = div(/), Y = suppy, U = X \ Y, 
and W = supp/, we will consider the classes clc(/) G H'^^^^{U,p), and 

dcif)eH',^;,\y{U,p). 

Observe that the cohomology Q is only an auxiliary device to ensure the 
existence of classes for cycles and i^'i-chains having good properties. The 
properties which will be needed to define arithmetic Chow groups are sum- 
marized in the following lemma. This lemma can be taken as an alternative 
starting point for the definition of arithmetic Chow groups. It is an immedi- 
ate consequence of the properties of characteristic classes in ^-cohomology. 

Lemma 3.9. Let C be a Q -complex over X . Then, we have the following 
statements: 

(i) For any family if of supports on X, the map c\c induces a morphism 
of groups 

%{X)^Hl^,M,p) 

which is compatible with change of support; here V^p{X^ = _Rp^(X) is 
the group of p-codimensional cycles on X with support on (p. 

(a) For a Ki-chain f G R^~^{X), put y = div(/), Y = suppy, and U = 
X \ Y . Then, the equality 

dc{div{f))=6dc{f)eH',^{X,p) 

holds, where 6 is the connection morphism 

6:H'/-\U,p)-^H',^{X,p). 

Moreover, if g E R^^^{X) is another Ki-chain, z = div(5f), and Z = 
supp z, we have 

dcif) + dc{g) = dcif + g)e Hf~\X \{YUZ),p). 

(Hi) If h ^ R^^'^{X) is a K2-chain, then the class clc(d/i) vanishes in the 
group H^^~^{X,p). 

□ 

Lemma 13.91 has the following direct consequences. 
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Corollary 3.10. For any family (f of supports on X, there are well-defined 
morphisms 

dc:CW^{X)^Hf^^{X,p), 

□ 

Following [7j, let us denote by Z'p = Zp{X) the set of all closed subsets of 
X of codimension greater or equal to p ordered by inclusion. We then write 

H^{X\Z^,p)= lim HS{X\Y,p), 
Hlz,iX,p)= lim HlyiX,p). 

Corollary 3.11. The following diagram is commutative and has exact rows: 
CHf-i'P(X) R^p~\X)/ d KP~\X) . RP{X) ^ CWiX) 



clc 



clc 



clc 

H',^-\X, p) ^ Hl^-\X \ Z^ p) Hl%, (X, p) Hl^X, p) . 

□ 

Purity. In many cases the cohomology theory associated with a ^-complex 
C will satisfy a purity axiom, e.g., if C-cohomology and ^-cohomology agree. 
Later on we will see that the arithmetic Chow groups obtained in this case 
have better properties. 

Definition 3.12. We say that the ^-complex C satisfies the weak purity 
condition, if for any closed subset y of X of codimension greater or equal to 
p, we have 

H',^\X,p) = 0. 

Recall that for any complex A, we let A = A/ Imd. In order to be able 
to deal with complexes which may not satisfy the weak purity condition, we 
introduce the following notation 

C2p-i(x,p)P- = C'P-\X,p)/lm [h',%\X,p) C'^'\X,p)) , 
H'/-\X,pr- = H'/-\X,p)/lm {HI^XX.P) — Hl^'-\X,p)) . 
Note that, if C satisfies the weak purity condition, then 
&'p-\X,pY'''^ = c^p-\x,p), 
H'r\X,pY-^^ = Hf-\X,p). 
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3.2 Definition of Green objects 



Preliminaries. Given a ^-complex C = (C*(*),d) over X, we will define 
Green objects with values in this complex. For concrete examples we refer 
to jTTj , or chapters 6 and 7 below. 

Notation 3.13. Let F be a closed subset of X, and U = X\Y. We will 
then write 

H^^yiX,p) = H'^iCiX,p),C{U,p)), 

where H"- {C{X , p) , C{U, p)) are the truncated relative cohomology groups de- 
fined in section 1231 We will also write 

Hl^.iX,p)= hm Hly{X,p). 



By writing 



we have 



C{X\Z^,p)= liin C(X\y,p), 



H2,zv {X, p) = H-{C{X, p),C{X\Z^,p)). 



From the definition of the truncated relative cohomology groups we recall 
the morphisms 



d:Hl^,{X,p) 
u:Hl^,{X,p) 
e.:r-\X,p) 
a:H^-\X,p) 
h:H^-\X\Z^,p) 



HEMX,p), 
Z(r(X,p)), 

HlzAX,p), 
HlzAX,p), 
HPzAX,p); 



analogous morphisms exist for H^y{X,p) with Y a closed subset of X. We 
leave it to the reader to write down the exact sequences of proposition 12.581 
in these cases. In particular, for Y G we note the commutative diagram 
with exact rows 



H^YiX^p) 



■ C^~\X, p) HIy{X, p) Hly{X, p) . 



H]i^\ (X, p) ^ C"-i (X, p) — Hlz, (X, p) 



cl 



HlzAX,p) 



(3.14) 
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While dealing with p-codimensional cycles, we will be mainly interested 
in the groups with n = 2p. In this case we obtain as a direct consequence of 
proposition 12.581 

Proposition 3.15. There are exact sequences 

C'^-\X,pr^^ ^ H',%{X,p) ^ Hl%,{X,p) 0, (3.16) 

Hc%{X,p) © ZC'%X,p) H'/{X,p) — 0. (3.17) 

□ 

Green objects. 

Definition 3.18. Let y he a p-codimensional cycle on X. A Green object 
for the class of y ( with values in C) is an element Qy G H^%p {X, p) such that 

c\{Qy) = dc{y) e Hc^2p{X,p). 

In other words, a Green object for the class of ?/ is a pair Qy = {uy, gy) with 
Uy G ZC^^(X,p) and gy G C^^^^ {X \ , p) such that Uy = dgy and such that 
this pair represents the class of y in H^^^p i^i P) j T^ote that gy here denotes a 
representative of gy in C^^~^(X \ Z^,p). 

Observe that the Green objects for the class of any p-codimensional cycle 
belong to the same space H^^^vi-^^P)- This is the reason for taking the 
limit over all p-codimensional cycles of X. Nevertheless, sometimes it will be 
necessary to have a preciser control on the group in which a Green object is 
defined. 

Definition 3.19. Let y he a p-co dimensional cycle on X with Y = snppy. 
A Green object for the cycle y is an element G Hq\-{X,p) such that 

cl(0,) = clc(i/)G//c'!'y(^,P)- 

Definition 3.20. Let Z he a closed subset of X, and y G Cll^^{X). A weak 
Green object for y with support in Z is an element g^^ G H^^^{X,p) such that 

digy) = dciy)eH',^,iX,p). 
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Remark 3.21. A Green object for the cycle y represents a co homology class 
with support exactly equal to the support of y. A Green object for the class of 
y represents a cohomology class whose support has the same codimension as 
y, but may be bigger than the support of y. From proposition l3.23l (iii) below, 
it will be clear that, if the ^-complex C satisfies the weak purity condition, 
there is no difference between a Green object for the class of y and a Green 
object for the cycle y. As we will see, even in the case of a complex which 
does not satisfy the weak purity condition, the distinction between these 
two kinds of Green objects is a minor technical point. In contrast to this, a 
weak Green object for y represents a cohomology class whose support may 
be bigger than the support of y, and may even have codimension smaller 
than the codimension of y. In general, a weak Green object Qy carries less 
information than a Green object for y and is not a Green object for the 
class of y. Weak Green objects appear naturally when handling non proper 
intersections and are therefore useful in intermediate steps. 

Additivity. 

Remark 3.22. If is a Green object for and a Green object for z such 
that supp(?/ + z) = supp(?/) U supp(z), lemma ITTIl implies that Qy + is a 
Green object for y + z. On the other hand, if supp(?/ + 2;) C supp(?/)Usupp(2;), 
then gj, + g^ determines only a Green object for the class oi y + z. 

Existence of Green objects. 

Proposition 3.23. Let C he a Q-complex on X , and let y be any p-codimen- 
sional cycle on X with Y = suppy. Then, we have the following statements: 

(i) There exists a Green object Qy G H'^^2p{^ i P) Z^?^ the class of y. 

(a) Any Green object Qy for the class of y can be lifted to a Green object 
Q'yeHfy{X,p)fory. 

(Hi) If the Q-complex C satisfies the weak purity condition, the morphism 

Hfy{X,p)^Hl%{X,p) 

is injective. Therefore, the Green object g^ for y is uniquely determined 
by the Green object Qy for the class of y in this case. 

Proof, (i) The first statement is an immediate consequence of the surjectivity 
of the class map cl in the exact sequence . 

(ii) Since the class of the cycle y lies in H^^y{^jP)j the second statement 
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follows from a standard diagram chase in the commutative diagram ()3.14|) . 
(iii) If C satisfies the weak purity condition, the commutative diagram ()3.14|) 
gives rise to the diagram 

— C^P-i (X, p) ^ H'^y{X, p) Hl^^{X, p) ^ 

— (X, p) (X, p) Hl%, {X, p) — 0, 

where the vertical map on the right is injective. Therefore, by the five lemma, 
the vertical map in the middle is also injective. □ 

The Green object associated to a Ki-chain. 

Definition 3.24. For a i^i-chain / G R^'\X) with y = div(/), and Y = 
suppy, we denote by Q{f) the distinguished Green object 

0(/)=b(clc(/))Gi^c':'y(X,p). 

If we need to specify the ^-complex C, we will write 0c(/) instead of 

Remark 3.25. By lemma (ii), g(/) is a well-defined Green object for 
y = div/. By lemma (iii), we have Q{dh) = for any K2-chain h. This 
means in particular that the distinguished Green object depends only 
on the class of / in CH^~^'^(X \ Y). In other words, for any closed subset Z 
of X and U = X \ Z, there is a well-defined morphism 

CHP-i'P([/) Hfz{X,p) 

which we also denote by q. 

3.3 The *-product of Green objects 

In this section we will define a pairing of Green objects, the ^-product, fol- 
lowing the strategy of proposition I2.681 We will define the *-product for 
any pairing of ^-complexes which is compatible with the product given in Q- 
cohomology. This will ensure the compatibility with the intersection product 
of cycles. 

Pairing of ^-complexes. 
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Definition 3.26. Let C, C and C" be ^-complexes over X with the same 
auxihary cohomology Q. A Q -pairing is a pairing of graded complexes of 
sheaves of abehan groups 

C ® C C" 

such that, in the derived category of graded complexes of sheaves of abelian 
groups over X, there is a commutative diagram 

y ®y > C ®C 

where the vertical arrow on the left is the product in ^-cohomology (see [SI] , 
1.1). 

The ^-product of Green objects. 

Definition 3.27. Let C be a ^-complex over X. Let Y , Z be closed subsets 
oi X,U = X\Y,V = X\Z, respectively, and let 

J : r(f/,p) © r c"(f/ n v^,p) 

be the map given by iiuj, r]) = —oj + rj; we then put 

C{X-Y,Z,p) = s{-3). 

Observe that this complex is, up to the sign of the morphism, the Cech 
complex associated to the sheaf C and the open covering {U^V}. 

The kernel-simple quasi-isomorphism (see definition I2.37|) associated to 
the short exact sequence 

— ^r{uyjv,p) ^r{u,p)®r{v,p) ^nunv.p) — (3.28) 

with 2(77) = {r],r]), is the induced morphism 

l:C{UUV,p) — >C{X;Y,Z,p). (3.29) 

Throughout this section we will assume that there are given three Q- 
complexes C, C, C" over X, and that • is a ^-pairing between C and C to C" . 
Furthermore, let F, Z be closed subsets of X, and U = X\Y , V = X\Z, 
respectively. Since • is a pairing of sheaves, and therefore compatible with 
restrictions, it induces for all p, q a. morphism of commutative diagrams 

C{X,p)(»C{V,q) ^C{U,p)®C{V,q) C"{V,p + q) ^C"{UnV,p + q) 

T T ^ T T 

C{X,p)(g)C'iX,q)^CiU,p)(g)C'iX,q) C"iX,p + q)^ C'{U,p + q) 

(3.30) 
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Theorem 3.31. There exist well-defined pairings and a commutative dia- 
gram 

Hly{X, p) ® %,^(X, q) — ^ i^c'trnz(^, P + Q) 

cliX)cl 

HS^y{X,p)0H^^^iX,q) — ^ H^;rp^,{X,p + q). 

Proof. By proposition 12.471 and proposition 12.661 we have with r = p -\- q, 
well-defined pairings and a commutative diagram 

%(X,p)®%^^(X,g) — ^ i^"+-(C"(X,r),r(X;F,Z,r)) 

d®ci ci (3.32) 

Hly{X,p)^R^^z{X,q) if"+-(C"(X,r),C"(X;r,Z,r)). 

Using the kernel-simple quasi-isomorphism ()3.29|) and corollarv 12.631 we ob- 
tain the isomorphisms 

Hc^,YnziX, r) ^ /f"+-(C"(X, r), C"(X; Y, Z, r)), (3.33) 

H^^,YnziX,r) ^ H^^"'{C"{X,r),C"{X-Y,Z,r)). (3.34) 

This completes the proof of the claim. □ 

Remark 3.35. Let {uj,g) G H^y{X,p), and {uj' ,g') G H^z{X,q). A rep- 
resentative of {uj,g) * {uj',g') in the group H''+"'{C"{X,r),C"{X;Y, Z,r)) is 
then given by formula ()2.65|) . Observe that, in order to obtain an explicit 
representative for this class in the group 

H^+P^z{X,p + q) = H-+^{C"{X,p + q),C"{X \{YnZ),p + q)), 

we have to use an explicit quasi-inverse of the kernel-simple quasi-isomor- 
phism. This will be done in the examples (see, e.g., section IU?T|) . 

The *-product and the intersection product. The above pairing 
induced by • in cohomology with support is compatible with the product 
defined in ^-cohomology. 

Theorem 3.36. There is a commutative diagram 

H^{X,g{p))^H^{X,g{q)) — H^^^^{X,g{p + q)) 

Hly{X,p) ® i^™^(X, q) Hp^^z{X,p + q). 
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Proof. The proof follows from standard arguments in sheaf theory (see |39j . 
6.2; gHl, n.lO; [12], 2.5; and example ITH^ . □ 

Theorem 3.37. Let y e CH^(X), z e CH|(X) with closed subsets Y, Z of 
X, respectively. Let Qy G H^\r{X,p), G H^?^{X,q) be weak Green objects 
fory, z, respectively, and letw = y-z G C}i-^z{X). Then, the * -product gy* 
gz is a weak Green object for w . Moreover, if gy = {ujy,gy), and Qz = {u!z,gz), 
then Qy*Qz is represented in the group iJ^^"^^^(C"(X,p + g), C"(X; Y, Z,p + q)) 
by the element 

{ujy • ujz, {{gy •ujz.iOy • gz), -gy • gz)~) ■ (3.38) 

Proof. We have to show that c\{gy * g^) = c\c"{w) G H^f/^ynzi-^^P + 9')- -^^^ 
by theorem 13. 3H we have 

d{gy * Qz) = cl{gy) • d{gz) = clc{y) • clc'{z) = Cc{dg{y)) • Cc'{dg{z)). 

Now, by theore m EiH Sl <^c{dg{y)) • Cc'{clg{z)) = Cc"{clg{y) ■ dg{z)). Fi nally , 
by proposition 11.541 dg{y) ■ dg{z) = dg{w). The claimed formula ()3.38|) 
follows from ()2.65|1 taking into account the degrees of Uy and gy. □ 

Theorem 3.39. Let y be a p-codimensional, resp. z a q-codimensional cycle 
of X, and Y = suppy, resp. Z = suppz. Let gy G H^^2p{'^iP)> resp. gz G 
H^f 2:i{^^ q) ^6 Green objects for the class ofy, resp. z. Let g'y G H^\{X,p), 
resp. 02 ^ -f^c'^z("^' ^) representatives of gy, resp. gz. If y and z intersect 
properly, we have the following statements: 

(i) The product g'y * g'^ is a Green object for the cycle y ■ z. 

(a) The image of g'y*g'z in H'^^,^^p+g{X , p + q) does not depend on the choice 
of the representatives g'y and g'z. 

Proof. The first statement is a direct consequence of theorem 13.371 Observe 
that, if the complexes C and C satisfy the weak purity condition, the second 
statement is automatically fulfilled. 

To prove the second statement in the case in which the weak purity condition 
is not satisfied, we let g'y be another choice for a lift of gy. We then consider 
the commutative diagram ()3.14|1 . i.e., 

H'^y\X,p)^C'r>-\X,p)^H'c:y{X,p)^H',^{X,p) .0 

Hc%' {X, p) — &^-\X, p) H^%, (X, p) Hl%, {X, p) — 0. 
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Since we are not assuming weak purity, the vertical map on the right of this 
diagram need not be injective. But, by the definition of a Green object for 
a cycle, we know that the images of Qy and g^' by the class map agree in 
p). Therefore, we have 

for some x e C'^'P-^{X,p). Moreover, since and g^ have the same image 
in H^^2p{^^P)^ W6 have a(x) = in the group H'^^.vi^^P) which implies 
uj{ci(x)) = 0, and hence shows dx = 0. Therefore, x G H^^^pi^iP) ^ 
C'^P~^{X,p) which implies that x arises as the image of a class in H^^^^{X,p) 
for a suitable closed subset of X of codimension greater or equal to p. 
Writing g!, = {uz,g'^), we obtain by proposition 12.671 fiii). the equality 

a(x) * g^ = a(a; • uJz) 

in the group H^f,~^^''^^{X,p + q). By the moving lemma for cycles, there exists 
a cycle z' linearly equivalent to z which intersects W properly. Since the class 
of z' in H^f{X, q) can also be represented by ujz, the class 

arises as the image of a class with support in the closed subset W fl supp z' 
which has codimension greater or equal to p + q; this shows that this class 
also arises as the image of a class in H'^f,'^^p+g {X , p + q). By exactness, the 

element a.{x»ujz) therefore vanishes in H^f,'^^p+g{X,p + q). This proves the 
claim. □ 

Definition 3.40. Let y he a. p-codimensional cycle on X, g^ G H^^2.p{-^^P) 
a Green object for the class of y; let 2; be a g-codimensional cycle on X, 
Qz G zii-^il) ^ Green object for the class of z. Then, the ^-product of 
Qy with g^, denoted by g^ * g^, is defined as the image of g^ * g^ in the group 
H^f,^^p+g{X , p + g), where g^, resp. g^ is any lift of g^, resp. g^. 

Note that, in the above definition, the image of g^^gz G H^f,^^p+g{X,p+q) 
is a well-defined Green object for the class of y ■ 2; by theorem 

3.4 Associativity and commutativity 
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Associativity. Let Ci, C2, C3, C12, C23, C123 be ^-complexes and assume 
that there are ^-pairings 

Ci ® C2 — > Cu 

C2 ® C3 — > C23 
C12 (X> C3 — > C123 
Ci ® C23 — > C123 

which we will denote collectively by •• Recall that the product • is called 
associative up to homotopy, if there exist sheaf morphisms 

K ■■ CT{; q) ® CU; r) C^^s'^+'-'i- , p + q + r) 

satisfying 

(a • /9) • 7 - a • (/? • 7) = d ha{a ® /9 ® 7) + /la d(« ® /5 ® 7). 

In order to have an associative product in the arithmetic Chow groups, we 
will need a slightly stronger condition than associativity up to homotopy. 

Definition 3.41. The product • is called pseudo-associative, if it is associa- 
tive up to homotopy and the equality 

ha{a^P®-f) = 

holds for all a e ZCl^{X,p), (3 e ZCl\X, q),-fe ZC|''(X, r). 

Theorem 3.42. Assume that the product • is associative up to homotopy. 
Furthermore, let Y, Z, W he closed subsets of X, and 0i e H'^^ yi^iV), 

S2 e Hclz{X,q), 03 e Hll w{X,r) with Qj = {ujj,gj) for j = 1,2,3. Then, 
we have the following statements: 

(i) In the group H^^^'^Ynznwi-^ ■> P ''^ q + there is an equality 

(fli * S2) * 03 - 01 * (02 * 03) = a(/ia(a;i ® a;2 ® cjs))- (3.43) 
(a) For Qi, or Q2, or e Ker(a;), the equality 

(01 * 02) * 03 = 01 * (02 * 03) 

holds. 

(Hi) Moreover, if the product • is pseudo-associative, again the equality 

(01 * 02) * 03 = 01 * (02 * 03) 

holds. 
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Proof. The statements (ii) and (iii) follow immediately from (i). To prove 
(i), let us write t = p + q + r, and let 

h:C,{X,p)-^C,{X\Y,p), 
h:C2iX,p)-^C2iX\Z,p), 
h:Cs{X,p)^C,{X\W,p) 

be the restriction morphisms. For simplicity, let us denote C123 by C. By 
means of the identification ()2.25|) we now observe that the product • induces 
a morphism of 2-iterated complexes between /i ® /2 ® /a and the 2-iterated 
complex 

e = (C(X, t) ^C{X \Y,t)® C{X \Z,t)(B C{X \ W, t) 

^C{X \{YUZ),t)® C{X \(YUW),t)® C{X \{ZUW),t) 
^C{X\{YU ZUW),t)y, (3.44) 

here 

5i{a) = (a, a, a), 
S2{a, b,c) = (b — a,c — a,c — b), 
^3(0, b,c) = a — b + c. 

Let us denote by C{X; Y, Z, W, t) the simple of the 2-iterated complex 

C{X \Y,t)® C{X \Z,t)® C{X \W,t)^ 

C{X \{YUZ),t)® C{X \{YUW),t)® C{X \{ZUW),t) ^ 
C{X\{YUZUW),t). (3.45) 

Except for the signs of the morphisms this is the Cech complex associated 
to the open covering {X \ Y, X \ Z, X \ W}. As in proposition I2.16[ there is 
a natural isomorphism 

s{0 s{C{x, t) ^ c{x- r, z, w, t)) 

which is given by the identity on the level of elements. 
Let us consider the commutative diagram 

C(x\(r nznvr),t) C(X;Fn z,vr,t) 

fci (3.46) 
C(X;F,ZnW,t) — ^ C{X-Y,Z,W,t), 
80 



where 

ii{a) = ((a,a),0), 

22(0) = ((a,a),0), 

ki{{a, b),c) = ((a, a, b), (0, c, c), 0), 

hiia, b),c) = ((a, 6, 6), (c, c, 0), 0). 

The Mayer- Vietoris principle of the sheaf C imphes that all the arrows in the 
above diagram are quasi-isomorphisms. 

Recalling C{X] Y, Z,t) from definition 13.271 we introduce the notation 

H'cxziX, t) = H^\C{X, t),C{X; Y, Z, t)), 

Hl%z,w{X, t) = H'\C{X, t),C{X; Y, Z, W, t)), 

and similar notations for the other closed subsets under consideration. We 
then obtain from the commutative diagram ()3.46p and corollary 12.631 the 
commutative diagram 



«2 



TT2t 

^c,Y,znw 



iX,t) 



k2 



^'c,Y,ZW^-^i 



where all the arrows are isomorphisms. Therefore, in order to prove equation 
()3.43|) . it is enough to compare explicit representatives of both elements in 

the group Hfy^z^wi^^''^)- 

To obtain these representatives, we consider the commutative diagram 



k2 



where the bottom arrow is induced from the morphism f3i given in proposition 
?rM We thus obtain 

(a, b) * (c, {d, e), /) =(a • c, {b • c, a • d, a • e) , 

{-b» d,-b» e,a» f),b» f). 

Analogously, there is another commutative diagram 



HS:?nziX,P + q)^Hl^{X,r) 



^C^Ynzwi-X-, t) 



Hcx,z,wiX, t), 
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where the bottom arrow is induced from the morphism (32 given in proposition 
YTM We obtain 

(a, (6, c),d)* (e, /) =(a • e, (6 • e, c • e, a • /), 

(^•e, -6 •/,-€• /),(/•/). 

Summarizing, we find the following identities in the group Hq^y zwi-^^^) 

(gi * g2)*03 = ((t^i • ^2) • t^3, {{{gi • ^2) • ^^3, (t^i • 92) • ^^3, (^1 • ^2) • 93), 
{-{91 • 92) • -{91 • ^2) • 93, -{^1 • 92) • 93), -{91 • 92) • fl'3r), 

and 

Bl * (02*03) = (t^l • (^^2 • ^^3), ((fi'l • (t^2 • ^^3), tUl • (5'2 • UJ3),Ui • (t^2 • fi'3)), 

(-fl-i • (92 • t^s), -9i • (t^2 • 93), -^^1 • (6-2 • 93)), -9i • (5-2 • 93)r)- 
With the element ?/ G C^'-^^X; F, Z, ly, t) given by 

1/ =((^a(fi'l ® ® t^s), ^a(t^l ® 5-2 ® t^s), Ki^Ji O ® fi'3)), 
(/ia(fi'l ® 5-2 ® ^^3),ha{9l ® ^^2 ® 5'3), /ia(t^l ® 6-2 ® fi'3)), 

- ha{9i (S) 92® 93)), 
we derive the identity 

(01 * 02) * 03 - 01 * (02 * 03) - (0, dy) = a{ha{uji (S)UJ2(S) UJ3)), (3.47) 
which proves (i). □ 
COMMUTATIVITY. Let Ci and C be ^-complexes and let 

• : Ci ® Ci — >C 

be a ^-pairing. Recall that the pairing • is commutative up to homotopy, if 
there exist sheaf morphisms 

K : Cr(-,p) ®Cr(-,g) C"+™-i(-,p + g) 

satisfying 

a • /3 - (-l)"'^/5 • a = d/ie(a®/3) + /i,d(/3®a). 

As in the case of the associativity, in order to have a commutative product 
on the level of arithmetic groups, we need a slightly stronger condition than 
commutativity up to homotopy. 
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Definition 3.48. The product • is called pseudo- commutative, if it is com- 
mutative up to homotopy and if the equality 

h,{a ® /?) = 

holds for all a G ZCi^(X,p) and (3 G ZC^^iX, q). 

Theorem 3.49. Let Y and Z he closed subsets of X , and gi G H^'^y{-^^p)> 
92 G H^"^ ^{X,q) with Qj = {ujj,gj) for j = 1,2. Then, we have the following 
statements: 

(i) In the group H^^ynzi-^^P ~^ there is an equality 

Si * 02 - 92 * gi = a(/lc(c^l ® UJ2)). 

(a) For Qi or Q2 G Ker(u;), the equality 

Si * 02 = 02 * 01 

holds. 

(Hi) Moreover, if the product • is pseudo-commutative, again the equality 

01 * 02 = 02 * 01 

holds. 

Proof. The statements (ii) and (iii) follow immediately from (i). To prove 
(i), let us write s = p + q. We recall that gi * g2 is defined as an element of 

H'cxzi^, s) = H''{C{X, s),C{X; Y, Z, s)) 

with C{X; Y, Z, s) given in definition I3.271 By means of the inverse of the 
isomorphism 

which is induced by the kernel-simple quasi-isomorphism, the element 0i * 
02 is sent to if^ Vnz(^5 '^)- We now consider the commutative diagram of 
complexes 

C{X;Y,Z,s) 



Cix\{Y r]Z),s 




C{X;Z,Y,s) 



83 



where T((a,/3),7) = —7). We note that the isomorphism T induces 

an isomorphism, also denoted by T, 

We are left to compare the element 

= {Ui»UJ2, {{UJI •92,91 •(^2),9i •92)~) 

with the element 

(C^2,5'2) * (t^l.fi'l) = (t^2 • tUi, {{g2»UJuUJ2» 9i), -92*9i)~) 

in the group /f^*^y(X, s). To do this, let us consider the element y G 
C2*-2(X;Z,F,s) given by 

y = {{KiuJi (g) 5(2), K{9i O UJ2)), K{9i ® 92))- 

With this element we derive 

T{qi * £2) - 92 * 01 - (0, dy) = a{K{uJi (g) UJ2)); (3.50) 

here we have used the fact that the elements Uj have even degree, and the 
elements Qj have odd degree. This completes the proof of (i). □ 

^-ALGEBRAS AND ^-MODULES. The above results can be applied to the case 
of ^-algebras and ^-modules. 

Definition 3.51. A Q-algehra over X is a ^-complex C together with a 
^-pairing 

• : C OC 

making (C, •) into a graded differential algebra with unit element which is 
associative up to homotopy and commutative up to homotopy. We call C 
pseudo-associative or pseudo-commutative, if the product • is. 

A direct consequence of theorems 13.421 and 13.491 is the following theorem 

Theorem 3.52. Let C he a pseudo- associative and pseudo-commutative al- 
gebra over X. Then, the direct sum 

Yclosed 
p>0 

is an associative and commutative algebra. □ 
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Once we have the notion of ^-algebra, we can define the concept of a 
^-module. 

Definition 3.53. Let C be a ^-algebra over X. A Q-module over C is a 
^-complex C over X together with a ^-pairing 

C®C' — > c, 

which is associative up to homotopy. We call such a pairing a ^-action. We 
call the ^-action pseudo-associative, if the pairing is pseudo-associative. 

As a consequence of theorem IH.42| we have the theorem. 

Theorem 3.54. Let C he a pseudo- associative Q-algebra over X, and C a 
Q-complex provided with a pseudo-associative Q-action. Then, the direct sum 

Hlly{X,p) 

ydosed 

is an associative module over the associative algebra ^ypHc'vi^^P)- D 
Multiple products. 

Proposition 3.55. Letyj be pj-codimensional cycles ofX, Yj = suppyj, and 
Qj Green objects for the class ofyj (j = l,...,r) such that codim{Yin...nYr) = 
Pi + ... +Pr- Then, the r-fold ^-product Qi * ... * g.^ is a well-defined Green 
object for the class of yi ■ ... ■ yr even though partial intersections of the Yj 's 
need not be proper. 

Proof. The proof of the proposition is an immediate consequence of theorems 
KM and KK^ □ 

3.5 Functorial properties of Green objects 

Throughout this section, k-scheme will mean regular separated scheme of 
finite type over k. 

Direct image of a ^-complex. Let / : X — ^ F be a morphism of k- 
schemes, and Cx a ^-complex over X. Since Cx satisfies the Mayer- Vietoris 
principle, it is clear that f*Cx also satisfies the Mayer- Vietoris principle. 
Since ^ is a sheaf in the big Zariski site over k, there is a morphism of 
sheaves Qy — ^ f*Gx on Y. Therefore, the composition 

Gy — ^ f*Gx — ^ fXx 
determines a structure of ^-complex on /*Cx. 
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Pull-back of Green objects. 



Definition 3.56. Let / : X — > F be a morphism of /c-schemes, and let Cx-, 
Cy be ^-complexes over X, Y, respectively. A contravariant f -morphism (of 
Q -complexes) is a morphism of ^-complexes over Y 



f*:C 



Y 



\i g -.Y — > Z is another morphism of fc-schemes, and : Cz — > g^Cy 
a contravariant (7-morphism, then g^{f'^) o is a contravariant {g o /)- 
morphism. 

Let /* be as in definition 13.561 Then, for any open subset t/ C F, any 
closed subset Z G U, and any integer p, we have a morphism 

s{Cy{U,p),CY{U \ Z,p)) s{Cx{r\U),p),Cx{r\U \ Z),p)) 

given by the assignment 

(u;,g)^if*uj*g). 

Therefore, we have induced morphisms, again denoted by /*, 

f* : Hl^,{U,p) H-^j^,^,^{f-\U),p), 

f* : %,^(f/,p) — H-^j^.^,^{r\U),p). 

Theorem 3.57. Let f : X — > Y be a morphism of k-schemes, let Cx, 
Cy be Q-complexes over X, Y , respectively, and let /* be a contravariant 
f -morphism. Then, we have the following statements: 



(i) There is a commutative diagram 



H^..^,^{f-\u),g{p)) 



f* 



H2.j-KZ)U-\U),p). 



(a) Setting U' = f ^{U) and Z' = f ^{Z), we have the commutative dia- 
gram 

cl 



f* 



Y {U,P) 
f* 



pn—l 



{U',p) 



HE^,z{U,P) 



HS^AU'^P) 



cl 



HEy,z{U,p) 
f* 

H'^,AU\P). 



□ 
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Corollary 3.58. Let z e Z^{Y) be a p-codimensional cycle on Y with Z = 
supp^;, and = {ujz,gz) Green object for the cycle z. Then, we have: 

(i) The element /^(gz) is a weak Green object for the class of f*{z) in the 
group CH^_i(^)(X). 

(a) If the cycle f~^{Z) has codimension p in X, the element is a 

Green object for the cycle f*{z). 

□ 

By a similar argument to the one used in the course of the proof of 
theorem 13^391 we derive: 



Proposition 3.59. Let z G Z^(y) be a p-codimensional cycle on Y with 
Z = supp2; and codim/^^(Z) = p. Let be a Green object for the class 
of z, and g'^ G H^^ ^{Y,p) be any representative of g^- Then, the image of 
/*(g^) in the group H^^ ^vi-^^P) '^^ independent of the choice of g'^. □ 

Definition 3.60. With the hypothesis of proposition 13 .591 we will denote 
the image of /*(fl'J in the group Hf^ zvi.X,P) by /*(0z)- 

Definition 3.61. Let Cx ® C^, and Cy ® Cy Cy be ^-pairings, 

and let 



It 


:Cy- 


—>■ f*Cx, 


It 






t* 


• r" — 


~^ f*^X 



J± JJ. 

be contravariant /-morphisms. We will call the /-morphisms fj,, f^,, 
compatible with the pairings •x and •y, if the equality 

ftiy) •xft{y') = fg'iyY y') 

holds for all sections y, y' of Cy, Cy, respectively. 

Proposition 3.62. Let f^ , ff,, and f^, be contravariant f -morphisms which 
are compatible with the pairings •x and •y as in definition \S . 611 Then, for 
any pair of Green objects gi, 02 the equality 

/*(01*02)=/*(Sl)*/#(02) 

holds. □ 
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Change of ^-complex. 

Remark 3.63. We point out that all the results concerning inverse images 
are compatible with the change of ^-complex, i.e., they apply to the case in 
which we have two ^-complexes C and C over X together with a morphism 
/* : C — > C of ^-complexes. 

By corollarv l2.63[ there is a case, when the change of ^-complex does not 
change the space of Green objects. 

Proposition 3.64. Let X be a k-scheme, and C, C two Q-complexes over 
X. Let /* : C — > C he a morphism of Q-complexes such that the morphism 

f*:C{X,p)-^C'{X,p) 

is an isomorphism for any integer p, and such that the morphism 

f*:CiU,p)^C'iU,p) 

is a quasi-isomorphism for any open subset U <Z X and any integer p. Then, 
the induced morphism 

f*:Hl,{X,p)^H^,^,{X,p) 
is an isomorphism for any closed subset Z G X and any pair of integers n, p. 
Proof. This follows immediately from corollarv l2.(iHI □ 

Push-forward of Green objects. 

Definition 3.65. Given a graded complex A = {A*{*),d), the twisted com- 
plex A{d) is given by A{d)"'{p) = + d) with the same differential. 

Definition 3.66. Let / : X — > F be a proper morphism of equidimensional 
/c-schemes of relative dimension d. Let Cx, Cy be ^-complexes over X, Y, 
respectively. A covariant f -morphism (of Q-complexes) is a morphism of 
graded complexes of sheaves over Y 

f# : fXx ^ Cyi-d)[~2d] 

such that for any open subset U C Y, and any closed subset Z C f^^{U), 
the induced diagram 

c c 

Hs^,zir'(u),p) H-;y^,^iu,p-d) 
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is commutative. In the above diagram, the arrow is given by the compo- 
sition of morphisms 



H, 



n-2d 



here the first map is the restriction morphism, and the second map is induced 
by the morphism of complexes 



siCxif-\U),p),Cxir\U\fiZ)),p)) ^ 

s{CY{U,p-d),CY{U\f{Z),p-d))[-2d] 



(3.67) 



which is given by the assignment 



if#uj,f#g). 



With the notations and assumptions of definition I3.66t a covariant /- 
morphism induces a morphism by means of the restriction morphism fol- 
lowed by the morphism of complexes ()3.(j7|l : this morphism is again denoted 

/# : H-^,zU-\U),p) i/cT,/t^)(f/,P - 

U g : Y — > Z is another proper morphism of equidimensional fc-schemes 
of relative dimension e, and g# : (7*Cy — > Cz{—e)[—2e] is a covariant g- 
morphism, then g^ o is a covariant {g o /)-morphism. 

Theorem 3.68. Let f : X — > Y be a proper morphism of equidimensional 
k-schemes of relative dimension d, and let be a covariant f -morphism. 
Given U , Z as in definition \3.6(A set U' = f~^(U), Z' = f{Z), respectively. 
Then, for every n, p, we have the commutative diagram 



H^:!ziU\p) 

/# 



Qn-lfTT' 



X iU',p) 

/# 



/# 



Tjm 



H, 



/# 



Tjm 

^Cy,Z 



'iU,q), 



where q = p ~ d and m = n — 2d. 



□ 



Given a proper morphism / : X — > Y of equidimensional /c-schemes of 
relative dimension d, and a closed subset Z G X, we have codim/(Z) > 
max(codim Z — d,0). Therefore, the following result is simpler to prove than 
the corresponding statement for the inverse image of Green objects. 
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Proposition 3.69. Let f : X — > Y be a proper morphism of equidi- 
mensional k-schemes of relative dimension d, and let he a covariant f- 
morphism. Let z G Z^(X) be a p-codimensional cycle on X with Z = supp z. 
Let Qz be a Green object for the class of z, and G p) be any rep- 

resentative of Qz- Then, the image of f^{g'^) in the group if^^^p_^(Y,p — d) 
is independent of the choice of g'^; it is a Green object for the class of the 
cycle f*{z). □ 

Definition 3.70. With the hypothesis of proposition 13.691 we will denote 
the image of /#(g^) in the group Hf'^'^^^iY.p- d) by /#(g^). 

Covariant pseudo-morphisms. In some cases, the notion of covariant 
/-morphism is too restrictive. Moreover, it is not strictly necessary in order 
to define direct images of Green objects. Hence, we introduce the notion of 
covariant /-pseudo-morphisms. 

Definition 3.71. With the hypothesis of definition I3.66[ a covariant f- 
pseudo-morphism (of Q -complexes) is a diagram of morphisms /# of graded 
complexes of sheaves over Y 

fXx^J'-^CY{-d)[-2d], 

where J-' is an auxiliary ^-complex satisfying the following conditions: 

(1) The morphism u is a quasi- isomorphism such that the morphism of 
global sections 

u : r(r, j^) — ^ r(r, fXx) = r(x, Cx) 

is an isomorphism. Then, as in definition 13.661 the pseudo-morphism 
/# induces a morphism 

HS^Ar'(U),p) ^ H^;y^,^{u,p- d) 

for any subset U dY , and any closed subset Z C f^^{U). 

(2) The diagram 



HS,,z{r'iU),p) H-;f^,^iu,p-d) 



is commutative. 
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Observe that the definition of a covariant /-pseudo-morphism is stronger 
than the notion of a morphism in the derived category, because we need a 
well-defined morphism of groups on the level of global sections. Note also 
that a covariant /-morphism determines a covariant /-pseudo-morphism by 
taking for u the identity map. 

Since and f^Cx satisfy the Mayer- Vietoris principle, they are totally 
acyclic. Therefore, the fact that m is a quasi- isomorphism of sheaves implies 
that the induced morphism 

J^{U,p)—^Cx{f-\U),p) 

is a quasi-isomorphism for every open subset U G Y, and every p E 1j. 
Taking into account that the induced morphism is an isomorphism on the 
level of global sections by corollary l2.(jH| we obtain 

Lemma 3.72. Let f : X — > Y be a proper morphism of equidimensional 
k-schemes of relative dimension d, and let /# be a covariant f -pseudo- 
morphism. If Z is a closed subset of X , the induced morphism 

H'^{J'{Y,p),J^{Y \ f{Z),p)) H^Cx{X,p)Xx{X \ f'\f{Z)),p)) 

is an isomorphism. □ 

This result enables us to define direct images. 

Definition 3.73. Let / : X — > F be a proper morphism of equidimen- 
sional fc-schemes of relative dimension d, and let /# be a covariant /-pseudo- 
morphism. If Z is a closed subset of X, the induced morphism 

/# : ^c\,z(^,P) H^;f^,^{Y,p- d) 

is defined by the composition 

H^,,z{X,p)=H-{Cx{X,p),Cx{X\Z,p)) 

H-iCx{X,p)Xx{X\f-\f{Z)),p)) 
^H-{J^iY,p),J^{Y\fiZ),p)) 
— . R^-'\Cy{Y,p- d),Cy{Y \ f{Z),p- d)) 

= Hc;',Uiy,P-d). 

Remark 3.74. The analogues of theorem 13.681 with U = Y, and of proposi- 
tion 13.691 then also hold for covariant /-pseudo-morphisms. 
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Composition of pseudo-morphisms. It is not clear from the defini- 
tion wfiether we can always define the composition of covariant pseudo- 
morphisms. Nevertheless, we can determine when a pseudo-morphism should 

be considered as the composition of two pseudo-morphisms. 

For this, let g : Y — > Z be another proper morphism of equidimensional 

fc-schemes of relative dimension e, and let (?# : g^^Cy T' — >■ Cz(— e)[— 2e] 
be a covariant ^f-pseudo-morphism. Furthermore, let 

h^:{go f)Xx ^ T" Cz{-d - e)[-2d - 2e]. 

Definition 3.75. We say that is the composition of and g^, if there 
is a commutative diagram 

i9of)Xx 



f 



g*u 



g^T ■ 



■ gjZY{-d)\-1d\ 



T" 



■T\-d)\-2d\ 



■Czi-d-e)[-2d-2e\ 



Proposition 3.767~Xer/i# bt a LUiiipobiLiolflJfuie pseudo-morphisms 
and g^. If W is a closed subset of X, the induced morphisms on the level of 
Green objects 

}n-2d-2e 



rn—2d 



/i^ : Hr 



d-e), 



^e.M^^P) H^-fiw){Z,p -d-e) 
satisfy h# = g#o f#. 

Proof. We may assume that W satisfies W = h^^{h{W)). Writing U = 
X\W,U' ^Y\ f{W), U" = Z\ h{W), and n' = n - 2d, n" = n-2d- 2e, 
we obtain the following commutative diagram (where we have omitted the 
corresponding twists for ease of notation) 

H-{Cx{X),Cx{U)) 



H^{T{Y),T{U')) -#"'(Cy(r),Cy ([/')) 



m{p\z),p'{u")) — ^m\r{z),r{u")) — ^h'''\Cz{z),Cz{u")) . 



This proves the proposition. 



□ 
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Projection formula. In order to have a projection formula for Green 
objects, we need that the complexes under consideration also satisfy a pro- 
jection formula. 

Definition 3.77. Let / : X — > F be a proper morphism of equidimensional 
/c-schemes of relative dimension d. Let Cx, C^, C'x be ^-complexes over X, 
and let Cy, Cy, Cy be ^-complexes over Y . Let 

/# : Cy ^ UCx 
be a contravariant /-morphism, and let 

/; : f.C'x — C'y{-d)[~2d] , : /,C^ — C^(-d)[-2rf] 

be covariant /-morphisms. Finally, let 

be ^-pairings. We call (/*, •x, •y) a projection five-tuple, if the equal- 

ity 

(/#(!/) .X X)=l/.y/;(x) 

holds for all sections x, y of /*Cx, Cy, respectively. 

Proposition 3.78. Let f : X — > Y be a proper morphism of equidimen- 
sional k-schemes of relative dimension d, and let (/*, •x? •y) be a 
projection five-tuple. Then, for any pair of Green objects Qi, 02 the equality 

/#(/*(0i) *x 92) = 01 *Y /#(02) 
holds. □ 

PSEUDO-MORPHISM AND THE PROJECTION FORMULA. 

Remark 3.79. Assume that and in definition 13. 771 are only covariant 
/-pseudo-morphisms given by 

fX'x^r ^C!y{-d)[-2d], 

respectively. In order to have a projection formula on the level of Green 
objects in this case, we need the following three ^-pairings 

satisfying 

u"{.y •t = f*iy) •x u'{x) , v"{y •jrx) = y •y v\x) 
for all sections x, y of JF', Cy, respectively. 
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4 Abstract arithmetic Chow groups 



The idea behind the definition of arithmetic Chow groups for a variety X over 
the ring of integers of a number field is that the variety in question can be 
"compactified" by adding the complex variety = XxC, or more precisely, 
by adding a certain cohomology theory on the complex variety Xqo- For 
instance, the cohomology theory involved in the definition of arithmetic Chow 
groups by H. Gillet and C. Soule is the real Deligne-Beilinson cohomology 
(see [I2j)- However, the use of secondary characteristic invariants (Green's 
forms, Bott-Chern forms) implies that the arithmetic Chow groups depend 
not only on the cohomology theory, but also on the particular complex used 
to compute the cohomology. Therefore, the properties of this complex are 
reflected in the properties of the arithmetic Chow groups. The objective of 
this section is to develop an abstract version of the construction of arithmetic 
Chow rings given in [12J emphasizing how the properties of the complexes 
under consideration are reflected by the properties of the arithmetic Chow 
groups. 

4.1 Arithmetic varieties 

In this and the next section we will flx frequently used notations. Unless 
stated otherwise, we will adhere to the notations of . For more details we 
refer the reader to loc. cit., and also to [ZSj, [Tfj . 

Arithmetic rings. 

Definition 4.1. An arithmetic ring is a triple (A, S,Foo) consisting of an 
excellent regular noetherian integral domain A, a flnite non-empty set S of 
monomorphisms a : A — > C, and an antilinear involution F^o '■ — > 
of C-algebras such that the diagram 



commutes; here 6 is induced by the set of monomorphisms in S. 

The main examples of arithmetic rings are subrings of a number fleld F 
which have F as fraction fleld, subrings of M, and C itself (see 3.2.1, for 
details). 
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Arithmetic varieties. 



Notation 4.2. Let {A, E, Fee) be an arithmetic ring with fraction field F, 
and let X be a scheme over Spec(A). We will write Xp for the generic fiber 
of X. Ifae S, we will write X^ = X ^ C, and X^ ^ X ^ C^. We denote 

a A 

by Xao the analytic space 

^oo = ^s(C) = JJx,(C). 

We observe that the antilinear involution F^^ of induces an antilinear 
involution Foo of X^. We denote the real variety (Xs, Foo) by X^.. 

Let us fix an arithmetic ring A, and a Gillet complex Q for schemes over 
the field of real numbers R. 

Definition 4.3. An arithmetic variety X over ^4 is a regular scheme X, 
which is fiat and quasi-projective over Spec (74). If X is equidimensional, we 

mean by the dimension of X over A, the relative dimension of the scheme 
X over Spec(A). If A is fixed and clear from the context, we call X simply 
an arithmetic variety. 

Definition 4.4. A Q -arithmetic variety over ^4 is a pair 

X^{X,C) 

consisting of an arithmetic variety X over A and a ^-complex C on the real 

variety X^. 

Definition 4.5. Let X — {X,Cx) and Y — {Y,Cy) be ^-arithmetic varieties 
over A. A morphism 

f-.X^Y 

of Q -arithmetic varieties over A is a pair / = {f,f*), where / : X — > Y 
is a morphism of A-schemes, and /* : Cy — > f*Cx is a contravariant /m- 
morphism of ^-complexes. 

The class of arithmetic varieties over A together with their morphisms 
forms a category. We denote the category of ^-arithmetic varieties over A by 
Sl^.g. If the cohomology theory Q is fixed, wc will write simply St^i instead 
of 21a,0, and we will call a ^-arithmetic variety simply an arithmetic variety. 

Definition 4.6. A covariant morphism of Q -arithmetic varieties 

f:X = {X,Cx)^Y = {Y,CY) 



95 



over y4 is a pair / = {f,f#), where / : X — > F is a proper morphism 
of equidimensional A-schemes of relative dimension d, and : f^Cx — ^ 
Cy(— 2(i] is a covariant /iR-morphism of ^-complexes. We call / a covari- 
ant pseudo-morphism of Q- arithmetic varieties over A, if is a covariant 
/K-pseudo-morphism. 

Remark 4.7. Let X be an arithmetic variety over A. If C, C are two Q- 
complexes on Xk, and / : C — > C is a morphism of ^-complexes, then / 
can be seen as a morphism of ^-arithmetic varieties (X, C) — > (X, C), as 
well as a covariant morphism of ^-arithmetic varieties (X, C) — > (X, C) . 
Therefore, / will enjoy the properties of both kinds of morphisms. 



4.2 Arithmetic Chow groups 

Throughout this section X = (X, C) will be a ^-arithmetic variety over an 
arithmetic ring A. 

Arithmetic cycles. 

Notation 4.8. A cycle y G 7F{X) on X determines a cycle on X^. Clearly, 
this cycle is invariant under the action of F^o- Therefore, it is a cycle on Xr, 
which will be denoted by y^. Analogously, any i^'i-chain / on X determines 
a Ki-chain /k on Xr. 

Since the ^-complex C depends only on Xr, we will write as a shorthand 

r(x,p) = c*(XM,p), 

and similar notations for cohomology with supports. 

For any cycle y G Zp(X), we write cl(?/) for the class clc(yR). For any 
/Ti-chain / G - Rp~^( X), we write cl(/) for the class c1c(/m), and = ^(/r) 
(see definition 13. 24|) . 

Definition 4.9. We define the group of p-codimensional arithmetic cycles of 
X = (X,C) by 

Z^iXX) = {iy,Qy) e Z'\X)®Hl%{X,p) | cl(y) = cl(g,)} 
with the obvious group structure. 
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Rational equivalence. We now define rational equivalence in this set-up. 
Definition 4.10. Let / G Rl'^{X) be a Ki-chain. We set 

di;(/) = (div(/),g(/)). 

By remark [3.251 we have div(/) G Z^(X, C). We define 

R^t\x,C) = [^Y{f) I / G IV-\X)] C 7F{X,C). 

It is easy to see that Rat^(X, C) is a subgroup of Z^{X,C). 
Definition and basic properties. 

Definition 4.11. The p-th arithmetic Chow group of X = {X,C) is defined 

by 

Ch''(X, C) = TT[X, C) I Rat''(X, C). 

The groups CH^(X, C) will also be called C-arithmetic Chow groups of X. 
The class of the arithmetic cycle {y, Qy) in CH (X, C) will be denoted by 

Notation 4.12. There are well-defined maps 

C:Ch'(x,c)^ch^(x), ^ C[y,Qy] = [y], 

p : OT'^-i(X) H'/-\X,p) C C'^-\X,p), p[f] = cl(/), 
a : C^P-\X,p) — > CE\x,C), a(S) = [0,a(S)], 

h : ZC2f(X,p) — . Hf{X,p), h{a) = [a]. 

We will also write 

CH^(X,C)o =Ker(^ : CE\x,C) — > ZC^P{X,p)), 

CHP(X)o =Ker(cl : CE^{X) — > /7^^(X,p)). 

Theorem 4.13. Using the notations following definition Vj.l'A we have the 
following exact sequences: 

CHP-i'f(X) ^ &^-^{X,pY''"' ^ C^\X,C) ^ CW{X) — > 0, (4.14) 

CHP-i'P(X) ^ H^P-\X,py'''^ ^ CH^(X,C) 

CHP(X) © ZC2p(X,p) Hl%X,p) 0, (4.15) 

CHP-i'P(X) ^ Hf-\X,pf''"' ^ CH^(X,C)o ^ OT(X)o — > 0. 

(4.16) 
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Proof. Let us prove the exactness of the first sequence. By proposition 13.231 
for any p-codimensional cycle y on X there exists a Green object Qy for the 
class of y. Therefore, ( is surjective. 

It is clear that ( o a = 0. On the other hand, assume that ({a) = 0, and 
let {y,Qy) be any representative of a. Then, we have y = div(/) for some 
Xi-chain /, and we obtain (y, 0^) ~ (0, 0j, — 0(/)). Since Qy — Q{f) is a Green 
object for the trivial cycle, we have c\{Qy — g{f)) = 0. By the exact sequence 
dSini), we find Qy - G a{C^P-\X , py^"'^) , i.e., a E Im(a). 

Recalling Q{f) = b(cl(/)) together with equation ()2.56|) . we find Q{f) = 
a(cl(/)), which shows aop = 0. On the other hand, if a(a) = 0, we have 
(0,a(a)) = div(/) for some i^i-chain /. Therefore, we have div(/) = 0, and 
S(/) = a(a). Since div(/) = 0, we have cl(/) G H^^~^{X,p), from which we 
derive as before g{f) = b(cl(/)) = a(cl(/)). Therefore, a — cl(/) lies in the 
kernel of a. By the exact sequence ()3.16|) . this implies a = cl(/) = p[f]. 

The proof of the other two exact sequences follows the same lines, but 
uses the exact sequence fl3.17|) instead. □ 

Note that at this abstract level, the above theorem is a formal consequence 
of the definitions. 

4.3 Arithmetic intersection pairing 

The aim of this section is to define an arithmetic intersection pairing. We 
will follow the strategy of ^7\. Therefore, we divide out by finite rational 
equivalence before taking Green objects into account. 

Finite support. 

Definition 4.17. Let fin, resp. r(p) be the following families of supports 

fin = {F C X I y closed, F n = 0}, resp. 
r(p) = {Y CX \ Fclosed, codim(r n Xp) > p}. 

With these notations, we have the exact sequences 

k{xr ^ Z^{X) Z^{Xf) © CRUX) 0, 

x(zx(p-^) 

{x}nXF=i 

k{xy ^ ZP{Xf) © CH^^(X) CRP{X) 0, 
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and a canonical isomorphism 

OT(^)(X) = Z^(X^)©CHL(X). 

Moreover, if x G X^^^^^ with {x} fl Xp = 0, and / G k{x)*, we have div(/) fl 
Xp = 0, and Q{f) = 0. Therefore, we find 

di;(/) = (div(/),0). 
Thus, for any ^-arithmetic variety, there is a short exact sequence 

k{xr ^ nXF,C) © CHL(X) CH\x,C) 0. 

Observe that the notation ZP{Xp,C) makes sense, since {Xp,C) is a G- 
arithmetic variety over the arithmetic ring F. 

The intersection pairing. Let y be a p-codimensional, and z a q- 
co dimensional cycle of X. Put Y = supp y, and Z = supp z. Assume that 
i/F and zp intersect properly; this shows Y (1 Z E t{p + q). By theorem ll.33[ 
there is a well-defined class 

[y] ■ [z] G CR'yV^ziXh, 

and hence a well-defined class 

[y] ■ [z] G CH^;%)(X)q = Z^+%Xph © CRlt^Xh. 

Let (X, C), (X, C), (X, C") be three ^-arithmetic varieties with the same 
underlying scheme X, and let • : C (g> C — > C" be a ^-pairing. Let Qy be a 
Green object for the class of y with values in C, and Qz a Green object for 
the class of z with values in C. Then, the *-product Qy * is a Green object 
for the class of yp ■ zp with values in C" (see definition I3.40|l . and we write 

{y, Qy) ■ {z, 0,) = {{yp ■ Zp, Qy * 0,), [y ■ z]fi„) G Z^-^^Xp, C'% © CHP+'^(X)q. 

(4-18) 

We will denote the image of the product {y, Qy) ■ {z, Qz) in CH (X, C")q by 

[iy,Qy) ■ {z,Qz)]. 

Theorem 4.19. Let {X,C), {X,C'), {X,C") be three Q -arithmetic varieties 
with the same underlying scheme X , and let • : C®C' — > C" he a Q -pairing. 
Then, we have the following statements: 
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(i) There exists a pairing 

6h\x, c) ® ch'(x, C) — ^ ch''^'(x, c'% , 

which is determined by formula ()4.18p for cycles intersecting properly 
in the generic fiber. 

(a) The following diagrams commute: 

C]i\x,c)(^CR\x,c') — ^ ce''^\x,c'% 



c 



and 



ck\x,c)®c}i\x,c') — ^ Clf^\x,C") 



ZC2p(X,p)®ZC'29(X,g) — ^ ZC"2f+2<?(X,p + g)Q. 

Proo/. Let a G CH (X,C), and /3 G CH {X,C')- By the movine; lemma for 
cycles on a regular variety over a field, there are representatives {y,Qy) of a, 
and {z, Qz) of /3 such that yp and intersect properly. By means of formula 
(gUHl), we define 

We have to show that this definition does not depend on the choice of repre- 
sentatives. Let be another representative of a such that y'p and zp 
also intersect properly. Then, there exists a i^'i-chain / such that 

div(/) = iy',Q'y,) - {y,Qy). 

Therefore, it suffices to show that whenever / is a i^'i-chain whose divisor 
div(/)i? intersects zp properly, then there exists a i^'i-chain g such that 

diY{g) = divif) ■ (z,0,) G r^\Xp,C")Q © CH^n'(^)Q- 



Let 5* = suppdiv(/), U = X \ S, and Z = supp 5;. By corollarv 11.351 and 



proposition 11.551 there exists a i^i-chain g G -Rp+g "'^(-^)q satisfying 



[div(^)] = [div(/)] ■ [z] G Cn^snUXh, (4.20) 

^C",unz 



d{g) = cl(/) . cl(^) G \iSnZ),p + g)Q. (4.21) 
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Since S Ci Z lies in r(p + q), equation ()4.20|) is also valid in CH^^''^^^(X)q 
which shows 

[div(^7)] = [div(/)] ■ [Z] = (div(/)^ ■ ZF, [div(/) ■ zU). 

Furthermore, we derive from equation ()4.2H) and proposition 12.671 

g{g) = h{d{g)) = b(cl(/) . cl(^)) = b(cl(/)) * g, = g(/) * g,. 
Summing up, we find the equality 

div(^) = ((div(/)F ■ ZF,Q{f) * Qz), [div(/) ■ 2;]fin) = div(/) ■ {z,q,) 

in the group Z^'^'^ {Xf,C")q © CHg^^(X)Q, as desired. 

The compatibility of the product with the morphisms ( and u follows 
directly from the definitions. □ 

Remark 4.22. It may be interesting to explain more clearly why we do 
not need the i^i-chain moving lemma. A close look at the proof of the 
well-definedness of the arithmetic intersection product in shows that the 
i^'i-chain moving lemma is used, first, to define a i^'i-chain up to boundaries 
f.[z] (which is the g we are using in our proof) and second, to prove two 
compatibility properties 

div(/.[^])=div(/).[;^], 
log|/.[z]p = log|/pA5,. 

We observe that in the proof, the i^'i-chain f.[z] and the first compatibil- 
ity condition is used on the whole arithmetic variety X where no i^i-chain 
moving lemma is available. Therefore a result similar to corollary 11.351 is 
used implicitly. This means that the essential use of the moving lemma for 
ii'i-chains is to prove the compatibility with Green currents: it is the con- 
crete nature of the Green currents that forces the use of the i^i-chain moving 
lemma. 

In our case the compatibility that we need is equation ()4.21|) . which fol- 
lows directly from the properties of a Gillet cohomology. Roughly speaking, 
since the map that sends a i^i-chain to the associated Green object fac- 
tors through a cohomology group, we are able to avoid the i^'i-chain moving 
lemma. 

The fact that the product is defined only after tensoring with Q is due 
to the lack of a satisfactory intersection theory on general regular schemes, 
and the use of i^-theory. In the cases in which an intersection product of 
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cycles can be defined without using i^'-theory, it is possible to work over the 
integers. For instance, this is the case when y and z intersect properly on 
the whole of X, and not just on Xp', then, the product ?/ ■ 2; is a well-defined 
class in CHy'|^'^2(X). Therefore, formula ()4.18|1 gives rise to an element of 
fp+'?(X,C") © CW^'^{X). In particular, by the same argument as in [21!, 
4.2.3.iii, one can prove the following refinement of theorem 14.191 

Theorem 4.23. If p = 1, or q = 1, there is a unique pairing 

C}f{X,C) ® CE.\X,C') — ^ Clf^\x,C") 

given by formula ()4.18j) when the cycles intersect properly. Moreover, this 
pairing induces the pairing of theorem \4-iy[ CH 

^-ALGEBRAS. Let US consider the case when {X,C) is a ^-arithmetic variety 
with C being a ^-algebra. 

Theorem 4.24. Let {X,C) be a Q-arithmetic variety, and assume that C is 

a pseudo- associative and pseudo-commutative Q-algebra. Then, we have the 

following statements: 
' — - p 

(i) 0p CH (X, C)q is a commutative and associative Q-algebra with unit. 

(ii) Forae Ch\x,C), (3 G CE{X,C), and e CH^(X,C), we have 

a--f = -faeClf^\x,C), 
(a . /?) . 7 = a . (/5 . 7) G Ch''^'(X, C). 

- — p " — - p 

i^^^) 0pCH (X, C)o,(Q = (Keru;)Q is an ideal ci/0pCH (X, C)q. 

(iv) (KerC)Q is an ideal 0/ 0^ CH^(X, C)o,q. 

Proof. Since the product of algebraic cycles is commutative and associative, 
the first two statements of the theorem follow from the commutativity and 
associativity of the *-product of Green objects (see theorems IH.49I and I3.42j) . 
The last two statements are immediate. □ 

Theorem 4.25. Let (X, C) be a Q-arithmetic variety, and assume that C is a 
pseudo-associative and pseudo-commutative Q-algebra. The 0^ CH (X, C)q- 

module structure of 0pCH (X, C)o,q is then induced by a 0pCH^(X)Q- 
module structure, i.e., there is a commutative diagram 

Ch''(X, C)o ® Ch'(X, C) Ch''^'(X, C)o,q 

id®C 

Ch''(X,C)o® CH^(X). 
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Proof. We have to show that Ker(C)-Im(a) = 0. This follows from proposition 

ES7|(i). □ 



Corollary 4.26. With the assumptions of theorem \4-2^ there is a well- 
defined product 

CW{X\ ® OT(X)o — ^ CH''^''(X,C)o,q. 

Proof. Let x G CH^(X)o and y G CH'^(X)o. We choose arithmetic cycles 
X G CH (X, C)o, resp. y G CH (X, C)o such that Q{x) = x, resp. ({y) = y. 
By theorem 14.251 the product x ■ y does not depend on the choice of x and 
y. □ 

Remark 4.27. If C is only a ^-algebra, then the product in CH (X, C)q 

does not need to be associative or commutative. Nevertheless, theorems K142I 
————— — * 

and IH.49I imply that the product induced in 0^ CH (X, C)o,q is associative 

and commutative. 



4.4 Inverse images 

Let / : {X,Cx) — ^ (Y,Cy) be a morphism of ^-arithmetic varieties. In this 
section we will construct a pull-back morphism for arithmetic Chow groups. 

Definition and basic properties of inverse images. Let (-2,52) G 
Z^(y, Cy) be a p-codimensional arithmetic cycle such that /"^(suppznj) has 
codimension p in Xr. By theorem II. 3 8[ there is a well-defined cycle f*{z) G 
CH^(.p^(X). Moreover, by definition EiEOl there is a well-defined Green object 
/^(fl^) for the class of /*(-2r). In this case we will write 

r(z,0,) = (r(z),/#(g,)). (4.28) 

Theorem 4.29. Let f : {X,Cx) — ^ {Y,Cy) be a morphism of Q- arithmetic 
varieties. Then, the following statements hold: 

(i) There is a well-defined morphism of graded groups 

r :CH'(r,Cy)^CH'(X,Cx) 

induced by equation ()4.28|1 for arithmetic cycles {z,Qz) G Z {Y,Cy) such 
that /"-"^(supp has codimension p in Xr. 

(a) If g : {Y,Cy) — > {Z,Cz) is another morphism of Q -arithmetic vari- 
eties, then the equality {g o /)* = f* o g* holds. 
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(Hi) The pull-back of arithmetic cycles satisfies the following relations: 

UJ0f* = f#0UJ, 

c°r = r°c, 

/*oa = ao/#. 

" — ~- p 

Proof. Let a G CH (Y, Cy) be an arithmetic cycle. By the moving lemma 
over M, there is a representative (-2, S^) of a such that /"^(suppzu) has 
codimension p in Xr. We define /*(«) as the class of f*{z, g^). It remains to 
show that /*(«) does not depend on the choice of the representative (-2,02). 
In order to do this, let {z',gz') be another representative, i.e., 

{z,Q,)-{z',Q,>) = div{h) (4.30) 

for some i^^i-chain h. Writing U = Y \ (supp^ U supp^'), the i^i-chain h 
determines an element [h] G CW'^^^{U). By theorem 11.391 and proposition 
ll.5f)| there exists an element f*[h] G CH^'^""^(/"^(f/)) satisfying 

div(r[/^]) = r(div(/.))GCH^(^)(x), 

clif*[h]) = f*icm)^H?Jf-\U),p). 

These two equations then imply 

r{z,g^)-f*{z\g.,)=div{f*{h)), 

which proves the first statement. The statements (ii), (iii) are now shown 
easily. □ 

MULTIPLICATIVITY OF INVERSE IMAGES. Since the pull-back of cycles is 
compatible with the intersection product of cycles by theorem ll.38[ we obtain 
the following result using proposition 13.621 

Theorem 4.31. Let (fj*) : {X,Cx) ^ {Y,Cy), (fj*) : {X,C'x) 
(F, Cy), {f,fc") '■ i^i^x) — ^ (^5^Y") morphisms of Q- arithmetic vari- 
eties, and let Cx ® C'x C'x, Cy ® Cy Cy he Q -pairings which are 
compatible with the f -morphisms ff, /* and /*, . Then, the diagram 

CR\Y,CY)®CR\Y,C'y) — ^ Ch''^'(F,C^)q 

GR\xXx)®Ck\x,C'x) — ^ Ch''^'(X,C^)q 

is commutative. If p = 1, or q = 1 the same result holds true without 
tensoring with Q. □ 
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Change of ^-complex. The results for inverse images apply in particular 
to the case of a change of complexes on X, i.e., when there is a morphism of 
^-arithmetic varieties 

/ = (id,/#):(X,C') — (X,C). 

Moreover, a direct consequence of proposition 13.641 is the following result. 

Proposition 4.32. Let f = (id,/*) : {X,C') — > {X,C) be a morphism of 
Q -arithmetic varieties such that the morphism 

f*:C{X,p)^C'{X,p) 

is an isomorphism for any integer p, and such that the morphism 

f*:CiU,p)^C'iU,p) 

is a quasi-isomorphism for any open subset U G X and any integer p. Then, 
the induced morphism 

f* : cif{x,c) — > ce\x,c') 

is an isomorphism for any integer p. □ 
4.5 Proper push-forward 

Let / : {X,Cx) — ^ {Y,Cy) be a covariant morphism or, more generally, 
a covariant pseudo-morphism of ^-arithmetic varieties of relative dimension 
d. In this section we will construct a push-forward morphism for arithmetic 
Chow groups. 

Push-forward. Let {z,Q;,) e Z {X,Cx) be a p-codimensional arithmetic 
cycle. By theorem 11.401 there is a well-defined cycle f*{z) G Zp~'^{Y). More- 
over, there is a well-defined Green object f#{Qz) for the class of /*(-2m) (see 
definition IH.fifjj) . We will write 

/*(^,0.) = (/*(^),/#(0.))- (4.33) 

Theorem 4.34. Let f : {X,Cx) — ^ {Y,Cy) be a covariant morphism or a 
covariant pseudo-morphism of Q- arithmetic varieties of relative dimension d. 
Then, the following statements hold: 

(i) There is a well-defined morphism of graded groups 

/, : &i\x,Cx) &f~\Y,CY) 

————— 

induced by equation ()4.33|1 for arithmetic cycles {z,Qz) G Z (X, Cx). 
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(ii) If g : (y,Cy) — > {Z,Cz) is another covariant morphism or covariant 
pseudo-morphism of Q -arithmetic varieties, then the equality {go f)* = 
g* o holds. 

(Hi) The push-forward of arithmetic cycles satisfies the following relations: 

u o f^ = f^ou, 
C o /* = /* o C, 
o a = ao/#. 

Proof. We will treat here only the case of a covariant morphism of ^-arith- 
metic varieties; the case of a covariant pseudo-morphism can be treated anal- 
ogously. 

The only thing that remains to be shown is the compatibility with rational 
equivalence. For this purpose, let h G R^~^{X) be a i^i-chain. By theorem 

ll.4()l and proposition [133 there is a well-defined Ki-chain G RpZa'^iX) 
satisfying 

div(/.(/i)) = /*(div(/i)), (4.35) 

oW*m = fdokih)). (4.36) 

By the definition of a covariant morphism of ^-arithmetic varieties, equation 
()4.36|1 implies that clcy (/*(/?-)) = f^{c\cx{h)). Therefore, we have Q{f*{h)) = 
f#{Q{h)), and consequently 

f,{div{h)) = divif,ih)). 

□ 

Projection formula. The next result is a direct consequence of the 
projection formula for algebraic cycles and proposition 13.781 

Proposition 4.37. Let {f,f*) : {X,Cx) — ^ {Y,Cy) be a morphism ofQ- 
arithmetic varieties, and let 

{f,fl):{X,C'^)^{Y,C'y), 

(/,/p:(x,c^)^(r,c^) 

be covariant morphisms of Q- arithmetic varieties. Let 

Cx ® C'x ^ C'l CY®C'y^ C'l 
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be Q-pairings such that {f*, f!f^, f!^,»x,*Y) is a projection five-tuple. Then, 
the projection formula 

holds for all a e &{Y, Cy) and /3 e CH.\x , C'x) ■ □ 

Remark 4.38. An analogous result also holds when and are covariant 
pseudo-morphisms. We leave it to the reader to make this result explicit. 
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5 Deligne-Beilinson cohomology as a Gillet 
cohomology 

A particular example for a Gillet cohomology is Deligne-Beilinson cohomol- 
ogy for real and complex algebraic varieties. In this section we recall the def- 
inition and some facts on Deligne-Beilinson cohomology and homology which 
we will use in the sequel. The main references for this section are |27j . 
and |inj. We start by recalling some properties of general Deligne-Beilinson 
cohomology; later we will shift to real Deligne-Beilinson cohomology. We will 
show that it satisfies most of the properties of a Gillet cohomology. More- 
over, we will construct an explicit Gillet complex for real Deligne-Beilinson 
cohomology. Note that the results of this chapter are well known and we 
include them for the convenience of the reader. 

Notation 5.1. By a complex algebraic manifold we mean the analytic variety 
associated to a smooth separated scheme of finite type over C. 

5.1 Review of Deligne-Beilinson cohomology 

The definition of Deligne-Beilinson cohomology. Let X be a com- 
plex algebraic manifold. Let A be a subring of M, and set A{p) = (27ri)^A C 
C. We will denote the corresponding constant sheaves on X also by A, resp. 
A(p). _ _ 

Let us choose a smooth compactification X of X with D = X\X a normal 
crossing divisor, and denote hj j : X — > X the natural inclusion. Let Q*x 
be the sheaf of holomorphic differential forms on X, and let Q^{logD) be 
the sheaf of holomorphic differential forms on X with logarithmic poles along 
D (see |2ni). Let F be the Hodge filtration of n^{\ogD), i.e., 

™^(logD) = 0fi^(logZ}). 

p'>p 

Then, the Deligne-Beilinson complex of the pair (X, X) is given by the simple 
complex 

A{p)v = s (^RjMp) © FPn*j^{\ogD) ^ j^n*^') , 
where the morphism u is defined by u{a, f) = —a + /. 

Definition 5.2. The Deligne-Beilinson cohomology groups are the hyperco- 
homology groups of the sheaf A{p)x>, i.e., 

i/;(x,A(p)) = e*(x,A(p)^). 
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It can be shown that these groups are independent of the compactification 
X of X. The Dehgne-Beihnson cohomology groups can also be constructed 
as the hypercohomology groups of a complex of sheaves of graded abelian 
groups in the Zariski topology; see |2ZI, §5, for details. We will denote the 
corresponding sheaf in the Zariski topology by A(*)x),zar; we will not need 
the precise definition of this sheaf for general A. In contrast, in definition 
I5.32[ we will give a concrete construction in the case A = M. 

An exact sequence. The definition of Deligne-Beilinson cohomology as 
the cohomology of a simple complex associated to a morphism of complexes 
implies the existence of some exact sequences. One of these exact sequences 
relates Deligne-Beilinson cohomology to the usual cohomology and shows 
that the integral Deligne-Beilinson cohomology is an extension of the group 
of Hodge cycles by an intermediate Jacobian. We recall the construction of 
this exact sequence. There is a natural map 

A(p)p i?j;A(p) (5.3) 

given by (a, /, u) i — > a. The kernel of this morphism is the simple 

Since the differential is strict with respect to the Hodge filtration (see P^). 
the cohomology of this simple complex is given by H*{X,C)/FpH*{X,C). 
Therefore, there is a long exact sequence 

... ^ H''-\X,C)/ Fm"-\X,C) ^ HJ^iX,A{p)) H''{X,A{p)) ... 

(5.4) 

The product in Deligne-Beilinson cohomology. Beilinson has in- 
troduced a product in this cohomology. More specifically, he has introduced 
a family of pairings indexed by the interval [0, 1]. For < a < 1, the pairing 
Ua is given by 

(a, /, uj) U„ (a', /', uj') =(aa', / A /', a{uj A a' + (-1)"/ A uj') + 

(l-a)(^A/' + (-l)"aA^O), 

where (a, /, u) G A(p)^ and (a', /', u') G A(g)^. All these pairings turn out to 
be homotopically equivalent. If a = 0,1, the pairing is associative and, if a = 
1/2, the pairing is graded commutative. Therefore, we obtain a well-defined 
commutative and associative pairing in Deligne-Beilinson cohomology. 



109 



Deligne-Beilinson cohomology and the Picard group. The axiom 
1.2 (xi) of states for Deligne-Beilinson cohomology that there is a natural 
transformation of functors 

Pic(.)— /f^(-,A(l)). 

This natural transformation is realized by a morphism in the derived category 
of the category of graded complexes of Zariski sheaves of abelian groups 

Ci:C?righl]— A(lKzar; (5.5) 

we refer to [2Z|, §5, for the precise construction. Here we only sketch a 
slightly different version in the case A = Z; the other cases then follow by 
functoriality. Since, for p > 1 and n < 0, we have if^(X, Z(p)) = 0, we can 
assume that the complex of sheaves Z(l)x),zar starts in degree 1. Therefore, 
Ci is determined by a functorial isomorphism 

Ci:i/°(X,Orig)^i/i(X,Z(l)), (5.6) 

which can be described as follows: Using the quasi-isomorphism 

Z(l)-..(Ox^Oi[-l]), 
one sees that Z(l)x) is quasi-isomorphic to the complex 

where M'(a, /) = — dloga + /. Hence, the group H^{X, Z(l)) is isomorphic 
to _ 

{if,cu) e H'{X,0^)®H%X,n'^i\ogD)) I dlog/ = cu}. 

By the GAGA principle the morphism H°{X,0^^^) — > H^{X,Z{1)) given 
hj uj \—>- (u;,dlogco') is an isomorphism. 

5.2 Review of Deligne algebras 

In this section we will recall some definitions and results from ^Tj about 
Dolbeault algebras and their associated Deligne algebras. The interest in 
Deligne algebras is explained by the fact that they are very simple objects 
which compute real Deligne-Beilinson cohomology. 
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DOLBEAULT COMPLEXES. 

Definition 5.7. A Dolbeault complex A = (Aj^, cIa) is a graded complex 
of real vector spaces, which is bounded from below and equipped with a 
bigrading on Ac = A^ (gi^. C, i.e., 



4" — AP'i 



p+q=n 

satisfying the following properties: 

(i) The differential d^ can be decomposed as the sum d-A = d + 3 of 
operators d of type (1,0), resp. d of type (0, 1). 



(ii) It satisfies the symmetry property AP'I = A'^'^, where denotes com- 
plex conjugation. 

Notation 5.8. Given a Dolbeault complex A = (A^,d^), we will use the 
following notations. The Hodge filtration F of A is the decreasing filtration 
of Ac given by 

p'^p 

The filtration F of ^4 is the complex conjugate of F, i.e.. 



= F^Al = FpA^. 



For an element x e 74c, we write x*'^ for its component in A^'^ . For k,k' > 0, 
we define an operator F^''^' : Ac — )■ Ac by the rule 



l>k,l'>k' 



x^r 



We note that the operator F'^'''' is the projection of Ac onto the subspace 



FM* n F^' A*. We will write F'' = F'^'-°°. 



We denote by A^{p) the subgroup {2ni)'^ ■ C Ac, and we define the 
operator 

TTp-. Ac > Ar(p) 

by setting 7rp{x) :— ^{x + (— l)^x). 
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The Deligne complex. To any Dolbeault complex we can associate a 
Deligne complex. 

Definition 5.9. Let A be a Dolbeault complex. We denote by A*{p)jy the 
complex s{A^{p) © F^A — ^ Ac), where u{a, f) = —a + f. 

Definition 5.10. Let A be a Dolbeault complex. Then, the Deligne complex 
{V*{A, *), dx>) associated to A is the graded complex given by 



V-{A,p) 



Al-\p - 1) n if n<2p-l, 

AKp) n PP'PAl, if > 2p, 



with differential given by {x G T>'^{A,p)) 

_pn~p+l,n-p+l ^^^^ a n<2p-l, 

d-rix = —2ddx, if n = 2p — 1, 

d-A X, if n > 2p. 

For instance, if A is a Dolbeault complex satisfying A^'*^ = for p < 0, 
q < 0, p > n, or q > n, then the complex T>{A, 0) agrees with the real 
complex A^; for p > 0, we have represented V{A,p) in figure ^ below, where 
the lower left square is shifted by one; this means in particular that ^4°'° sits 
in degree 1 and A^^^'^"^ sits in degree 2p — 1. 

Remark 5.11. It is clear from the definition that the functor T>{-,p) is exact 
for all p. 

The main property of the Deligne complex is expressed by the following 
proposition; for a proof see [T7j . 

Proposition 5.12. The complexes A*(p)x> and T>*{A,p) are homotopically 
equivalent. The homotopy equivalences i(j : A^{p)x) — > V^lAjp), and ip : 
V'^{A,p) — y 74"(p)x> are given by 



n{uj), if n < 2p — 1, 

PP^Pa + 27rp(9cjP-i'"-P+i), ifn> 2p, 



where vr(co') = 7rp_i(F" ^'o;), i.e., tt is the projection of A^ over the co- 
kernel of u, and 



ip{x) 



^g^p-l,n-p _ g^n-p,p-l^ 29xP-^'"-P, x) , if U < 2p - I, 

(x, X, 0), if n > 2p. 
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Figure 1: 'D{A,p) 



Moreover, ■?/' o (^9 = id, and if o — id = dh + hd, where h : A'^{p)x> 
A^~^{p)x> is given by 



if n < 2p ~ 1, 



^^^'^'^^ \27rp(F" ^tu),-FP'Pcu-2F"^P(7rp_iCj),0), ifn>2p. 



□ 



Example. Let X be a complex projective manifold, and S'x the sheaf of 
smooth, complex differential forms on X. Then, the complex of global sec- 
tions E*x of ^ natural structure of Dolbeault complex. The cohomol- 
ogy of the complex V*{Ex,p) is naturally isomorphic to the real Deligne- 
Beilinson cohomology H^{X,R{p)) oi X (see 



The product in the Deligne complex. The multiplicative structure 
of a Dolbeault algebra induces a product in the Deligne complex which is 
graded commutative and associative up to homotopy. 

Definition 5.13. A Dolbeault algebra A = {A^,dA_,A) is a Dolbeault com- 
plex equipped with an associative and graded commutative product 



A : Aia X Aw 



A* 
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such that the induced multiphcation on A^. is compatible with the bigrading, 
i.e., 

Definition 5.14. Let A be a Dolbeault algebra. The Deligne algebra asso- 
ciated to A is the Deligne complex T>*{A, *) together with the graded com- 
mutative product • : V^(A,p) x V^(A, q) — > P"+''"(y4, p + q) given by 

X •y = 

' (— l)"rp(x) /\y + X /\ rg{y), if n < 2p, m < 2q, 

pi-r,i-r(^^ Ay), if n < 2p, m > 2q, I < 2r, 

F^'''(rp(x) Ay) + 27r,,(9(x A yY'^'^-''), if n < 2p, m > 2q, I > 2r, 

^x Ay, if n > 2p, m > 2q, 

where we have written I = n + m, r = p + q, and rp{x) = 2TTp{FP d^ x). 
For a proof of the next result we refer to ^\ . 

Proposition 5.15. Let V*{A,*) be the Deligne algebra associated to a Dol- 
beault algebra A. Then, we have the following statements: 

(i) The product • is associative up to a natural homotopy ha- 

(ii) Forx G V'^P{A,p), y G V'^'i{A,q), z E V^'^{A,r), we have 

ha{x ® y ® z) = 0, 



i.e., the product • is pseudo-associative in the sense of definition \3.41\ 
n p( 
bra. 



m particular, the direct sum ^^^^V'^"'{A,n) is an associative subalge 



(Hi) There is a natural morphism of graded complexes rp : V*{A,p) 
A*{p) given by 



rp{x) 



Q(^xP-hn^P) _ ifn<2p-l, 
X, if n > 2p; 



here x G V"{A,p). This morphism is multiplicative up to homotopy 
and induces a morphism of graded algebras 

H*{V{A,p)) H*{A{p)). 

□ 
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Remark 5.16. In his thesis D. Fulea has introduced a new product 
structure for the Dehgne algebra V*{A,*), which is graded commutative 
and associative. Using this product structure one may simphfy some of the 
constructions of the present paper; in particular, one can avoid the use of 
pseudo-associativity. 

Specific degrees. In the sequel we will be interested in some specific 
degrees where we can give simpler formulas. Namely, we consider 

V'%A,p) = Al^{p)nAP'P, 
V'^-\A,p) = Al^~\p-l)nA^-'^^-\ 
v^p-\A,p) = A^-\p - 1) n {AP~^'P-' © 

The corresponding differentials are given by 

dvx = dAX, a X e'D^P{A,p), 

dvx = -2ddx, ifxe V^p-\A, p) , 

dv{x,y) = -dx - By, if G V^P~\A,p). 

Moreover, the product is given as follows: for x G 'D'^'P{A,p), y G V'^'^{A,q) 
or y G V'^'^~^{A, q), we have 

X • y = X A y, 

and for x G V'^P-^{A,p), y G V^'^-^{A, g), we have 

X •y = —dx Ay + dxAy + xAdy — xA By. 

DOLBEAULT MODULES. Once we have defined Dolbeault algebras we may 
introduce the concept of Dolbeault modules. The main example is the space 
of currents over a variety as a module over the space of differential forms. 

Definition 5.17. Let A be a Dolbeault algebra and M a Dolbeault complex. 
We say that M is a Dolbeault module over A, if M is a differential graded 
module satisfying 

The following proposition is straightforward. 

Proposition 5.18. Let A be a Dolbeault algebra and M a Dolbeault mod- 
ule over A. Then, V*{M,*) is a differential graded module over T>*{A,*). 
Moreover, the action is pseudo-associative. □ 
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Deligne complexes and Deligne-Beilinson cohomology. The main 
interest in Deligne complexes is expressed by the following theorem which is 
proven in |^ in a particular case, although the proof is valid in general. It 
is a consequence of proposition 15.121 

Theorem 5.19. Let X be a complex algebraic manifold, X a smooth com- 
pactification of X with D = X \ X a normal crossing divisor, and denote by 
j : X — > X the natural inclusion. Let s^* be a sheaf of Dolbeault algebras 
over X such that, for every n, p, the sheaves and F^^" are acyclic, 
s^* is a multiplicative resolution of Rj^M-, o-nd is a multiplicative 

filtered resolution of (^^^(logD), F). Putting A* = T{X,£/*), we have a 
natural isomorphism of graded algebras 

HUXMp)) = H*iV{A,p)). 

Moreover, the morphism Vp of proposition (Hi) induces the natural mor- 
phism of graded algebras 

□ 

5.3 A Gillet complex: The Deligne algebra Vi^g 

Smooth differential forms with logarithmic singularities. Let 
W he a complex algebraic manifold and D a normal crossing divisor in W. 
We put X = W \ D, and denote by j : X — > W the natural inclusion. We 
recall that S'^ denotes the sheaf of smooth, complex differential forms on W. 

Definition 5.20. The complex of sheaves ^^(log-D) of differential forms 
with logarithmic singularities along D is the i^,|/-subalgebra of j^.S'x, which 
is locally generated by the sections 

log ZiZi, , ^ for z = 1, . . . ,m, 

Zi Zi 

where zi ■ ■ ■ 2;™. = is a local equation for D (see [TK]). 

Notation 5.21. In the sequel we will adhere to the following convention. 
Sheaves in the analytic topology will usually be denoted by script letters. 
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whereas the group of global sections will be denoted by the corresponding 
roman letters. For instance, we will write 

E*^{\ogD) = V{W,<g;,{\ogD)), 

E;V,R(iog/^) = r(iy,^^,i,(iogD)). 

With these notations, the complex Ew{}^ogD) = {E^^(\ogD),d) is a Dol- 
beault algebra. 

Suppose now that W is proper. Then, there are multiplicative isomor- 
phisms in the derived category of abelian sheaves over W 

RjM{p)-^<^^,A^ogD){p), 
j.fi;, ^^^(logD), 
™;^.(logD)^ W^(logD). 

We therefore obtain by theorem 15.191 

Theorem 5.22. There is a natural multiplicative isomorphism 
HUXMp)) — H*{V{Ew{logD),p)). 

□ 

Logarithmic singularities at infinity. We want to obtain a descrip- 
tion of Deligne-Beilinson cohomology which is independent of a given com- 
pactification. Given a complex algebraic manifold X, let I be the category 
of all smooth compactifications of X with a normal crossing divisor as its 
complement. This means that an element {Xa,ja) of / consists of a proper 
complex algebraic manifold Xa together with an immersion ja '■ X — > X^ 
such that Da = X^ \ ja{X) is a normal crossing divisor. The morphisms of 
/ are the maps / : X^ — > Xj^ satisfying f o ja = jp- It can be shown that 
the opposite category /" is directed (see t23j). 
We put 

KgW°= limi?£(logD,); 

it is clear that the vector spaces E*^^{X)° form a complex of presheaves E*^^° 
in the Zariski topology. 

The corresponding real subcomplex Eiog{X)° = (i^f^g d) is a presheaf 

of Dolbeault algebras. Moreover, by the results of ^|, if / : Xa — > Xj3 is 
a morphism of /, the induced morphism 

r : iE^aogDp),F) (E^ (logDj,F) (5.23) 
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is a real filtered quasi-isomorphism. Since 1° is directed, all the induced 
morphisms 

{E^^{\ogD^),F)^{E*,^{Xy,F) 

are also real filtered quasi-isomorphisms. 

We will denote by E*^^ the complex of sheaves in the Zariski topology 
associated to the complex of presheaves E^^^°. 

Definition 5.24. The complex of differential forms with logarithmic singu- 
larities along infinity is defined by 

E*^^iX) = TiX,E*J; 

it is a subalgebra of Ex = T{X,S'x). We denote the corresponding real 
subcomplex by E^^^^^{X). 

Remark 5.25. The natural map E*^^{X)° — > E^^^{X) is injective, but not 
surjective, in general. 

PSEUDO-FLASQUE COMPLEXES OF PRESHEAVES. In order to understand the 
relationship between the cohomology of the complexes E^^^{X) and E^^^{X)°, 
we introduce pseudo-flasque complexes of presheaves. 

Definition 5.26. Let X be a scheme and J-'* a complex of presheaves in the 
Zariski topology of X. Then, JF* is called pseudo-fiasque, if JF*(0) = and 
if, for every pair of open subsets U, V, the natural map 

j^{u uv) — > s{T{u) © Tiv) T{u n V)) 

is a quasi-isomorphism. 

For instance, any complex of totally acyclic sheaves is a pseudo-flasque 
complex of presheaves. 

The basic property of pseudo-flasque complexes of presheaves is the ana- 
logue of proposition 11.121 

Proposition 5.27. Let J-" be a pseudo-flasque complex of presheaves, and let 
T' he the associated complex of sheaves. Then, for any scheme X , we have 

ir{x,r) = H''{T{x,T)). 

□ 

Remark 5.28. It is possible to generalize the notion of ^-complexes using 
pseudo-flasque complexes of presheaves. All the theory developed in section 
El and section |3] can be generalized with minor modifications. 
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Proposition 5.29. The natural morphism 



(Ei;g(x)°,F)-^(Ei;g(x),F) 

is a filtered quasi-isomorphism. 

Proof. By the filtered quasi-isomorphism ()5.2H|1 . the filtered complex {E*^^{X)°, F) 
computes the cohomology of X with complex coefficients with its Hodge fil- 
tration. Since the Mayer- Vietoris sequence for the cohomology of X with 
complex coefficients is an exact sequence of mixed Hodge structures, it in- 
duces Mayer- Vietoris sequences for the graded pieces with respect to the 
Hodge filtration. Therefore, the complexes of presheaves Ef^*{X)° are pseudo- 
fiasque. By a partition of unity argument (see the discussion before lemma 
I6.11|) it is easy to see that the sheaves Ef^^{X) are totally acyclic. Hence, 
the result follows from proposition 15.271 □ 

A Deligne complex with logarithmic singularities. 

Definition 5.30. Let X be a complex algebraic manifold. For any integer 
p, we put 

Kg(X,p)=I)*(Eiog(X),p). 

By the exactness of the functor V{-,p), theorem 15.221 and proposition I5.29[ 
we obtain 

Corollary 5.31. There is a natural multiplicative isomorphism 

HUXMp)) ^ H*iVi,,iX,p)). 

□ 

A GiLLET COMPLEX FOR REAL DELIGNE-BEILINSON COHOMOLOGY. We 

denote by C the site of regular schemes in ZAR(Spec(C)). In particular, we 
recall that all schemes in C are separated and of finite type over Spec(C). 
For a scheme X in C, the set of complex points X(C) is a complex algebraic 
manifold. 

Definition 5.32. For any integers n,p, let Pj"g(p) denote the presheaf (in 
fact, a sheaf) over C, which assigns to X the group 

pr,g(x,p) = Dr„g(x(c),p) = v-{E,,,{x{c)),p). 

For any scheme X in C, we will denote the induced presheaf of graded com- 
plexes of real vector spaces on X by Vi^g x = Aog,x(*)- 
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Proposition 5.33. For any integers n,p, the presheafD^^^ -^{p) is a totally 
acyclic sheaf on X . 

Proof. This follows from the facts that the functor V{-,p) is exact and that 
the sheaves Ef^^ are totally acyclic. □ 

Theorem 5.34. The graded complex of sheaves of abelian groups T>\og is 
a Gillet complex for regular schemes over C, which computes real Deligne- 
Beilinson cohomology. Moreover, the pair ("Piog, •) is a graded commutative 
and pseudo- associative algebra for real Deligne-Beilinson cohomology. 

Proof. Since Piog is a totally acyclic sheaf in the Zariski topology, the hyper- 
cohomology agrees with the cohomology of the complex of global sections. By 
theorem 15. 191 the complex of global sections computes real Deligne-Beilinson 
cohomology. Since jlHI shows that real Deligne-Beilinson cohomology satisfies 
the Gillet axioms, the complex Diog is a Gillet complex. Finally, proposition 
15.151 and theorem 15.191 imply the claimed multiplicative properties. □ 

5.4 Deligne-Beilinson homology of proper smooth va- 
rieties 

The homology theory associated to a Gillet cohomology determines direct 
images and classes for algebraic cycles. For this reason we have to discuss 
the construction and basic properties of Deligne-Beilinson homology. In gen- 
eral, Deligne-Beilinson homology is defined by means of currents and smooth 
singular chains (for details, see [IHl)- But since we are only interested in real 
Deligne-Beilinson homology, we do not need to use singular chains. Apart 
from some minor changes, we will follow jlH]- In particular, unless stated 
otherwise, we will follow the conventions therein. 

Currents. Let X be a complex algebraic manifold. The sheaf 'S'x of 
currents of degree n on X is defined as follows. For any open subset U of 
X, the group 'S'xiU) is the topological dual of the group of sections with 
compact support VciU^Sx^). The differential 

d : '(f^ > '>gl^^ 

is defined by 

dT(^) = (-irT(d^); 

here T is a current and a corresponding test form. 

The real structure and the bigrading of induce a real structure and a 
bigrading of 'Sx- Furthermore, there is a pairing 

SI ® — , '^^+"^, u®T\ — > A T, 
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where the current A T is defined by 

{ujAT){r]) = T{riAu). 

This pairing, the real structure and the bigrading equip with the structure 
of a Dolbeault module '(ox = ('^x,r; ^) '^^^^ the Dolbeault algebra S'x = 

Deligne-Beilinson homology. 

Definition 5.35. Let X be a proper complex algebraic manifold. Then, the 
real Deligne-Beilinson homology groups of X are defined by 

'HUXMp))=H*iV{'Ex,p)), 

where, as fixed in notation 15.211 we have written 'E'^ = r{X,'(S'^). We will 
also write 

H^{X,R{P))='H^'\XM-P))- 

Remark 5.36. The proof that the above definition of the real Deligne- 
Beilinson homology groups agrees with Beilinson's definition as given in ^ 
or jini, is completely analogous to the proof of theorem 15. 191 given in ^17] . 

Equidimensional varieties. 

Definition 5.37. Let X be an equidimensional complex algebraic manifold 
of dimension d. Then, we put 

!^*x = '<^x[-m-d), 
and, according to notation \5.21\ 

In particular, we note 

^P,<1 _ I ^p-d,q-d 

thus, the subcomplex of real currents ^x^{U,p) is the topological dual of 
T.{U,cff^%-{p-d)). 
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The current associated to a differential form. Let X be an 
equidimensional complex algebraic manifold of dimension d. Then, there is 
a natural morphism of sheaves 

given by uo \ — > [tu], where the current [uo] is defined by 

for a corresponding test form r] with compact support. This morphism is 
compatible with the structure of the Dolbeault module &x = (^xm? d) over 
the Dolbeault algebra S'x = (<^xR)d). 

We will use the same notation and normalization for any locally integrable 
differential form uj. 

PoiNCARE DUALITY. The local version of Poincare duality is the following 
theorem. For a proof we refer, e.g., to [10], p. 384. 

Theorem 5.39 (Local Poincare Duality). Let X he an equidimensional 
complex algebraic manifold. Then, the morphism {(S'x,F) — > (^^,F) is 
a filtered quasi-isomorphism, which is compatible with the underlying real 
structures. □ 

From the local version of Poincare duality, one derives 

Corollary 5.40 (Poincare Duality). Let X be a proper equidimensional 
complex algebraic manifold of dimension d. Then, there is a natural isomor- 
phism 

HUX, R{p)) — 'H^-''{X, R{p - d)) = HZ^niX, m - p)). 

□ 

Direct images. Let / : X — > F be a proper morphism between complex 
algebraic manifolds. Then, we define a morphism of sheaves 

f . f I CP* , / JP* 

/! • J* ^ 

by setting {f\T){ri) = T{f*ri) for a test form r/. When X and Y are proper, 
this morphism induces a morphism 

fr.'HUX,p)—^'HUY,p). 
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If furthermore X and Y are equidimensional, and / has relative dimension 
e, the morphism f\ sends ^xuip) ^v'^'^iP ~ Therefore, by Poincare 
duahty, for each n, p, we obtain an induced morphism 

/, : HUX, R{p)) — H^-'^Y, R{p - e)). 

If / is smooth and is a differential form on X, we will write 

f\UJ = ^ / u 

for the integration of uo along the fiber. It turns out that the definition of a 
current associated to a differential form and of push-forwards are compatible, 
i.e.. 

The fundamental class. Let X be a proper equidimensional complex 
algebraic manifold of dimension d. Then, the fundamental class of axiom 1.2 
(iv) of in 

i/°(X,M(0)) - HZiXMd)) = 'Hi''iX,Ri-d)) 

is determined by the constant function 1. Therefore, the fundamental class 
can be represented by the current 

= [1]. 

The class of a cycle. 

Definition 5.41. Let X be a complex algebraic manifold, and Y an e- 
dimensional irreducible subvariety of X. Let F be a resolution of singularities 
of Y, and z : Y — >• X the induced map. Then, the current integration along 
Y, denoted by 6y, is defined by 

6y = t,6y e V-^%'Ex, -e) = 'E^%i-e) n 

Therefore, it satisfies 

If X is equidimensional of dimension d and p = d — e, we obtain by the 
convention on the real structure of ^^^^ is an element oiV^'P{Dx,p) = 
-^xr(p) ^ ■ -^y linearity, we define 5y for any algebraic cycle y. 

Since the current 5y is closed, the following definition makes sense. 
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Definition 5.42. Let X be a proper complex algebraic manifold, and y an 
e-dimensional algebraic cycle of X. The homology class of y, denoted by 
clx)(?/) or simply by c\{y), is the class in 'if^^'^(X, ]R(— e)) represented by 5y. 
If X is equidimensional of dimension d and p = d — e, the (cohomology) class 
of y in ]R(p)), also denoted by clv{y) or d{y), is defined by Poincare 

duality. 

5.5 Deligne-Beilinson homology of arbitrary varieties 

Up to now, we have discussed Deligne-Beilinson homology only for proper 
complex algebraic manifolds. Therefore, we still have to treat the case of non 
proper complex algebraic manifolds. Moreover, even if a Gillet cohomology 
is only defined for smooth varieties, the homology should also be defined for 
singular varieties. In this section we will discuss Deligne-Beilinson homology 
for general varieties. By abuse of notation, we will denote in this section a 
complex variety and its associated analytic space by the same letter. This will 
not cause confusion, since we consider only sheaves in the analytic topology 
in this section. 

Note that the complexes of currents which we will use are slightly different 
from the complexes used in 

Currents on a sub variety. Let X be a complex algebraic manifold, Y 
a closed subvariety of X, and j : Y — > X the natural inclusion. We put 

Ey^^ = {uj Ec^xl = 0}- 
Definition 5.43. The sheaf of currents on Y is defined by 
'S-^ = {T e '(^x I T{uj) = Vcj G T^Y^x}- 
Furthermore, we put 

6x/Y — '^Xl '^Y- 

The sheaf ' was introduced by T. Bloom and M. Herrera in [H]. If F is 
smooth, it agrees with the usual definition. The sheaf ' ^xjY sheaf of 

distributions for Y,y^x^ ■ We point out that when F is a normal crossing di- 
visor, the complex of sheaves ' ^xjY "^^^^ agree with the complex denoted 
by 'f23f°° (^) [49 because this last complex is not defined over M (see also 
|52j). Note however that, as a consequence of theorem I5.44| both complexes 
are filtered quasi-isomorphic. 

If X is equidimensional of dimension d^ we put as before 

= 's*\-2d\{-d). 
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We observe that the grading for the complex Qly is relative to the dimension 
of X and not to the dimension of Y . Therefore, if Y is smooth, the complex 
does not agree with the complex Sly. 

The complex ' ^xjY defines a Dolbeault complex. If X is equidimensional 
of dimension (i, the complex 2!*xiy defines a Dolbeault complex. In 
particular, both complexes have a well-defined Hodge filtration. 

Normal crossing divisors. 

Theorem 5.44. Let X he an equidimensional complex algebraic manifold 
of dimension d, and Y a normal crossing divisor in X. Then, there is a 
well-defined morphism of complexes 

^j^(iogr)-^^i/^, cu^M, 

satisfying 

where U is an open subset of X , u E T{U, S'^ilogY)) , and rj G Tc{U, Sycf^). 
Moreover, this morphism is a quasi-isomorphism with respect to the Hodge 
filtration. 

Proof. The fact that we have a well-defined morphism of complexes is proven 
in [16J, 3.3. 

All the ingredients for the proof that the morphism in question is a filtered 
quasi-isomorphism are contained in P^. We put 

<f^(hollogF) = n*xi^ogY) ^n*^ 

(hoi logy) = <^^{honogY)/<ff^. 

Since these complexes are not defined over M, they do not define Dolbeault 
complexes. Nevertheless, we can define the Hodge filtration in the usual way. 
By the natural inclusion 

(hoi logy) ^^J^ (log F) 

is a filtered quasi-isomorphism with respect to the Hodge filtration. Thus, it 
is enough to show that the composition 

^J^(hollogF)^i^i/y 

is a filtered quasi-isomorphism. 
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Following |3ij and [Sj, we define a map PV : (hoi log F) — > by 
setting 

where U is an open subset of X, uj E T{U, i^'jJ(hollogF)), and r] G Tc{U, S'x)- 
We note that the map PV is not a morphism of complexes. 
Starting with the commutative diagram 

Sx (hoi log Y) ^\ (hoi log Y) 

PV 

— — ^^-k- — -^v -0, 

we define a morphism of complexes 

Res : ^;^(hollogy)[-l] — > 

by 

Res(cj) = dPV(u) - PV(dcJ), 

where aJ is any representative of uj in i^'^(hol log F) [—1] . It is easy to see that 
Res is well defined and its image lies in QSy. By the local description of Res 
given in [HI], 3.6, it is a homogeneous morphism of bidegree (0, 1). Thus, it is 
compatible with the Hodge filtration, and we obtain a map of distinguished 
exact triangles 

Gr^ ^\ (hoi log Y)\-\\ Gr^ Gr^ (hoi log F) 

Res 

Gr^ Wy Gr^ ^\ Gr^ ^^/^ . 

From this we conclude that, if two of the above vertical maps are quasi- 
isomorphisms, so is the third. By theorem 15.391 the middle vertical arrow is 
a quasi-isomorphism. By means of an auxiliary complex (F) equipped 
with a Hodge filtration, the following commutative triangle, where all the 
morphisms are filtered, is established in |i31j : 




^^(hollogr)[-l] 
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Now it is proven in ^31j that all the morphisms in this diagram are quasi- 
isomorphisms and that Hq is a filtered quasi-isomorphism with respect to 
the Hodge filtration. It is also immediate from the proof in that r]x 
is a filtered quasi-isomorphism with respect to the Hodge filtration. This 
proves that Res is also a filtered quasi-isomorphism with respect to the Hodge 
filtration from which the claim follows. □ 

Deligne-Beilinson homology of non proper varieties. 

Definition 5.45. Let X be a complex algebraic manifold, and X a smooth 
compactification of X with D = X \ X a. normal crossing divisor. Then, the 
real Deligne-Beilinson homology groups of X are defined by 



We will also write 



H^{X,R{p))='H^''iXM-p))- 



Theorem 5.46. Real Deligne-Beilinson homology is well defined. That is, it 
does not depend on the choice of a compactification. Moreover it is covariant 
for proper morphisms between smooth complex varieties. 

Proof. The main ingredients of the proof of the first statement are: first, 
that given two compactifications Xi and X2 as above, there is always a third 
compactification X3 that dominates both; and second, that given a diagram 
of compactifications 

Xi ^ X2 



X 

with normal crossing divisors Di and D2, the morphism ip induces a filtered 
quasi-isomorphism 

The main ingredient to show the covariance is that, given a proper morphism 
/ : X — > Y between smooth complex varieties, it is possible to construct a 
commutative diagram 

X — -X 
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where X and Y are smooth compactifications with normal crossing divisor 
Dx = X \ X and Dy = Y \ Y. Then there is an induced morphism 

Vr.v:'^i/n^-^''^Y/D.- (5-47) 
For more details see [49J §1. □ 

PoiNCARE DUALITY FOR NON PROPER VARIETIES. A direct consequence 
of theorem 15.441 is the following 

Corollary 5.48 (Poincare duality). Let X be an equidimensional complex 
algebraic manifold of dimension d. Then, there is a natural isomorphism 

HUX, R{p)) ^ 'H^-'\X, R{p - d)) = HZ^niX, R{d - p)). 

□ 

Corollary 5.49. The definition of Deligne-Beilinson homology given here 
agrees with the definition given in and ^J^. □ 

Direct images. Let / : X — > F be a proper equidimensional morphism 
between complex algebraic manifolds, of relative dimension e. Then, using 
Poincare duality and the covariance of Deligne-Beilinson homology, for each 
n,p, we obtain an induced morphism 

/, : H^XMp)) — HJlr'^iYMP - e)). 

Deligne-Beilinson homology of arbitrary varieties. In order to 
define Deligne-Beilinson homology for a possibly singular variety, we will use 
simplicial resolutions. For details on simplicial resolutions and cohomological 
descent the reader is referred to plj or 

Let X be a variety over C. Then, there is a smooth simplicial scheme X. 
with an augmentation vr : X. — > X, which is a proper hypercovering, and 
hence satisfies cohomological descent. Furthermore, there is a proper smooth 
simplicial scheme X. together with an open immersion X. — > X. such that 
the complement D. = X.\ X. is a normal crossing divisor. By the covariance 
of currents, we obtain a simplicial graded complex V*{^ E-^ ,p). Let 'M be 
the canonical normalization functor transforming a simplicial group into a 
cochain complex, i.e., this functor transforms a simplicial group into a chain 
complex and then reverses the signs of the grading. 

Definition 5.50. The real Deligne-Beilinson homology groups of X are de- 
fined by 

'i/;(X,M(p)) = if*(.('ArP('^^./^,p))). 
As usual, we will also write 

H^{X,R{p))='H:^^{XM-p))- 
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For a proof of the next result see jlH] ■ It is based on the same principles 
as the proof of theorem I5.461 

Theorem 5.51. Real Deligne-Beilinson homology is well defined. That is, it 
does not depend on the choice of a compactification of a proper hypercovering. 
Moreover it is covariant for proper morphisms between complex varieties. 

Remark 5.52. If F is a normal crossing divisor of a proper smooth variety 
W, the proof of theorem 15.441 shows that we do not need to use a simplicial 
resolution of Y to compute the Deligne-Beilinson homology of Y. Indeed, 
the complex 'S'y is quasi-isomorphic to the one obtained by a simplicial res- 
olution. Therefore, we have 

'H*^iYMp)) = H*{V{'EY,p)). 

More generally, if F is a normal crossing divisor of a smooth variety W, and 
is a smooth compactification of W such that Z = W \ W and Y U Z are 
normal crossing divisors, we write 

'^{YUZ)/Z — ^YUZ/ ^Z- 

Then, we can use the graded complex V*{'E(yuz)/z,p) to compute the real 
Deligne-Beilinson homology of Y. 

PoiNCARE DUALITY FOR GENERAL VARIETIES. We will recall how to con- 
struct the long exact sequence in homology associated to a closed subvariety, 
and the Poincare duality isomorphism between homology and cohomology 
with support. For details on the proof we refer to jl^ . 

Let X be a variety over C, and Y a closed subvariety of X. Then, 
there is a smooth simplicial scheme X. with an augmentation vr : X. — ^ X, 
which is a proper hypercovering, and hence satisfies cohomological descent. 
Furthermore, there is a proper smooth simplicial scheme X. together with 
an open immersion X. — > X. such that D. = X . \ X., Y = 7t~^{Y), and 
Z. = D. U Y. are normal crossing divisors. We observe that Y. — > Y also 
satisfies cohomological descent. For p G Z, we now obtain a short exact 
sequence 

si'AfV*i'Ez.^D.,p)) si'AfV*i'Ej^/j, ,p)) 

sCUV*CEj^/z ,p)) ^ 0. (5.53) 

From this exact sequence we obtain a long exact sequence of homology groups 

. . . ^ M(p)) 'i^;(x, M(p)) — ^ 'h*^{x \ f, m(p)) . . . 



129 



Theorem 5.54 (Poincare duality). Let X he an equidimensional complex 
algebraic manifold of dimension d, and Y a closed suhvariety of X. Then, 
there is a natural isomorphism 

Proof. Let X be a smooth compactification of X with D = X \ X a. normal 
crossing divisor. Then, we may assume that the simplicial resolution X. used 
to construct the exact sequence ()5.53|) satisfies the conditions that Xq is a 
proper modification of X, which is an isomorphism over the complement of 
the adherence of Y and furthermore that X. — > X is a proper hypercovering. 
We define D., Y, and Z. as before. Then Xq \ Zq can be identified with 
X \ Y. Therefore, the cohomology group y (X, ]R(j9)) is computed as the 
cohomology of the simple complex associated to the morphism of graded 
complexes 

V* {Epilog D),p)^V*iEj^^{\ogZo),p). 
For any variety S occurring in the simplicial resolution X., we put 

-^; = '^*[-2d]i-d), 

i.e., all the dimensions are considered relatively to X. The condition of 
X. — > X being a proper hypercovering implies the existence of a quasi- 
isomorphism 

3(Wp^./^.,p)) V*(D^,j,,p). 
Then, there is a commutative diagram 

V* {Epilog D),p) (log Do),p) V* (%,^ (log Zo) , p) 

si'MV*(Dj,^^^ ,p))^si'MV*(Dj, /^ ,p)) , 

(5.55) 

where the arrows marked with ~ are quasi-isomorphisms. This shows that 
the cohomology groups iy^_y(X, ]R(p)) can be computed as the cohomology 
of the simple complex associated to the morphism of graded complexes 

si'AfV*(D^^/o ,p)) si'AfV*(D^/, ,p)). 

The result now follows from the exact sequence ()5.53j) and Poincare duality 
for smooth varieties. □ 
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Direct images. We are finally able to define direct images for Deligne- 
Beilinson cohomology with support. Let / : X — > y be a proper equidi- 
mensional morphism between smooth complex varieties, of relative dimension 
e. Let Z C X and Z' C Y he closed subsets such that f{Z) C Z'. Then, for 
each n,p, there is a morphism 

/, : HJ^^^{X,R{P)) HJ^:^f{Y,R{P - e)). 

induced by Poincare duality and the covariance of Deligne-Beilinson homo- 
logy. 

There are two special cases where the direct image can be easily described 
in terms of differential forms with logarithmic singularities. The proof is left 
to the reader. 

Proposition 5.56. 1. Let X be a proper smooth complex variety and let 
Z gY be closed subsets. Let Xz be an embedded resolution of singular- 
ities of Z with normal crossing divisor Dz and let Xy be an embedded 
resolution o£ singularities of Y with normal crossing divisor Dy that 
dominates Xz- Then the morphism Hj^zi-^^^ip)) — ^ H^,y{-^^^{p)) 
is induced by the natural morphism 

s{V*{Ex,p) ^V%Ej^^{logDz),p)) ^ 

s{V\Ex,p) ^V*{E^^{\ogDy),p)). 

2. Let f : X — > Y be a proper smooth morphism between proper varieties, 
of relative dimension e. Let Z (Z Y be a closed subset. Let Y be an 
embedded resolution of singularities of Z with normal crossing divisor 
D. We write _ _ _ 

X^XxY, B^XxD. 

Y Y 

By the smoothness of f, X is an embedded resolution of singularities 
of f~^{Z) with normal crossing divisor B. Then integration along the 
fiber induces a morphism 

fr.V*{E^ (log B),p)^V*{Ey (log D),p-e)[2e] 

and the morphism if^ y_i(-2)(-'^, IR(p)) — i?^^^(y, R(p— e)) is induced 
by the morphism 

f : s{V*{Ex^p) V*{E^{\ogB),p)) 

s{V*{Ey,p-e)^V*{Ey {log D),p-e))[-2e]. 
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5.6 Classes of cycles and line bundles 



The class of a cycle in cohomology with support. We are now in a 
position to describe the class of a cycle in real Deligne-Beilinson cohomology 
with support. To do this, let X be an equidimensional complex algebraic 
manifold of dimension d. Since the class of a cycle in a quasi-projective 
variety is the restriction of the class of a cycle in any compactification, we 
may assume that X is projective. Then, let y be a p-codimensional, i.e., 
{d — p) -dimensional cycle of X, and Y the support of y. Letting Y = [Jj Yj 
be the decomposition of Y into irreducible components, we have y = njYj 

with certain multiplicities rij. If Y. denotes a proper hypercovering of Y such 
that Yo is a resolution of singularities of Y, then Yq is a disjoint union of 
irreducible components Yq = [jj Yqj with Yqj a resolution of singularities of 
Yj. If Uy denotes the locally constant function with value rij on the component 
Yqj, then Uy defines an element [uy] of 

Yq,M. Yq 

given by 



The element [uy] is a cycle of the complex s{V*{'EY,—d + p)), and hence 
defines a cohomology class in 

HZ-2A'^, - P)) = 'H-''^''iY, Ri-d + p)) 

= H-'^+'P{siV{'Ey,-d + p))). 
The image of this class under the Poincare duality isomorphism 
HZ^2piY, Rid - p)) ^ H^^^yiX, R{p)) 

is merely the class of the cycle y in ]R(p)). Observing that the 

real mixed Hodge structure of H'^{X,R) is pure of type (p, p) and that 
HyP~\X, R) = 0, the exact sequence ()5.4j) implies that the natural morphism 

rp : R{p)) ^ H'y^iX, R{p)) (5.57) 

is an isomorphism. Therefore, the class of y in H^y{X,R{p)) is determined 
by its image in the Betti cohomology group H'^{X,R{p)). Since the latter 
group is determined as the cohomology of the simple complex 

siD*M ^ D*^^yip)), 

the class of the cycle y can be represented by the pair {6y, 0). 
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Differential forms representing the class of a cycle. By the 
above considerations we have a representative for the class of a cycle in 
terms of currents. We now give a criterion, when a pair of differential forms 
represents this class. For this let 

by 3.8.2, the form g is locally integrable on X. If U = X \ Y , we write 
[g]u for the current associated to (7 as a smooth form on U; we write [g]x for 
the current associated to (7 as a locally integrable form on X. As usual, we 

put d'^ = {4m)-\d-d). 

Proposition 5.58. Let X be a complex algebraic manifold, and y a p- 
codimensional cycle on X with support Y. Let {00, g) be a cycle in 

52^(Aog(X,p)— >Aog(X\F,p)). 

Then, we have the following statements: 

(i) The class of the cycle {uj,g) in i7^^y(X, ]R(p)) is equal to the class of 
y, if and only if 

-2dd[g]x = M - 5y. (5.59) 

(a) Assume that y = 'Ylij'^f^j with irreducible subvarieties Yj and certain 
multiplicities rij. Then, the cycle {00, g) represents the class ofy, if and 
only if the equality 

-lim/" a d" ^ = ^'^^^^^ ^ rij j a (5.60) 

holds for any differential form a; here B^{Y) is an e -neighborhood of 
Y such that the orientation of dB^^iY) is induced from the orientation 
ofB,{Y). 

Proof, (i) First, assume that the cycle {uj,g) represents the class of y in 
the group if^^y(X, ]R(p)). Let X be a smooth compactification of X, and 
y a cycle extending y with support Y. By [12], 4.8, there exists a pair 
{u}[,g[) representing the class of ^ in the simple complex s^^(r'iog(X,p) — > 
T>\og{X \ F,p)) such that —2dd\g'i\-x — ~ We denote by wi, resp. gi 
the restriction of cj^, resp. g'^ to X. By the functoriality of the class of a 
cycle, the pairs {(jji.,gi) and {oj,g) represent the same class. Therefore, there 
are elements a G Pf^^~^(X, p) and b G V^^^'^^X \ Y,p) such that 

(dx) a, a - dx) 6) = {u, g) - (u;i, gi). 
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This shows 



dv[g]x = dx,[gi]x + dx,[a] = [ui] - 5y + [u] - [ui] = [u] - 5y. 

Since dx> = —2dd in degree 2p — 1, we find that the pair {uj,g) satisfies 
equation ()5.59|) . 

Conversely, assume that {uj,g) satisfies equation ()5.59|) . By TB], 3.8.3, we 
know that rp{[g]x) = [rp{g)]x, where is as in proposition 15.151 (iii). Since 
we have —2dd[g]x = drp([(7]x), equation ()5.59|1 imphes 

dKig)]x = Kiuj)] - K (5-61) 

Hence, we obtain 

d([r,((7)]x,0) = ([r,H], [rM]u) - 

Since the natural morphism ()5.57p is an isomorphism, we therefore obtain 
that {oj.g) represents the class of y. 

(ii) Let a be a differential form and put n = dega. Equation ()5.6ip is 
equivalent to the equation 



\n+l 



(27ri)" 



// " A '■,(9) = a A . - (2^ S "' I 



a. 



Using the fact that {uj,g) is a cycle and that a has even degree, the above 
equation is equivalent to 



/ d{aArpig)) = {2mrJ2'', [ 
Jx • Jy 



a. 

The result now follows from Stokes theorem and the fact that 

as shown in proposition EHH (iii). □ 



The first Chern form of a line bundle. The morphism ci in ()5.5|1 
normalizes the first Chern class of a line bundle and therefore of all Chern 
classes of vector bundles. We recall now the usual way of how to obtain 
representatives for the first Chern class of a line bundle. Let X be a quasi- 
projective complex algebraic manifold, X a smooth compactification of X, 
and L a line bundle over X. Then, L can be extended to a line bundle L 
over X. Let /i be a smooth hermitian metric on L, and h the restriction of 
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h to L. If s is a non- vanishing, rational section of L, we put = s), 
y = div(s), Y = suppy, U = X \ Y, and 

g^ = -hog{\\sf), (5.62) 
LUs = —2ddgs. (5.63) 

Moreover, we put y = div(s) with s viewed as a section on X, and Y = 
supp^. We call 

ci(L, h) = ujs = —2ddgs = 99 log(||s||^) 

the first Chern form of {L, h). We note that this definition of the first Chern 
form differs by a factor (27ri)~^ from the corresponding definition in coho- 
mology with real coefficients because of the 27ri-twist in Deligne-Beilinson 
cohomology. 

Proposition 5.64. With the above assumptions the following statements 
hold: The form Us belongs to Vf^^{X, 1), and the form gs belongs to Vl^^{U, 1) . 
The pair {uJs,gs) is a cycle of the simple complex 

s2(Aog(X,l) ^I?log(f/,l)). 

Moreover, this pair represents the class of div(s) in the cohomology group 
Hly{X,R{^)). 

Proof. Let s' be a non- vanishing, regular section of L in an open subset V of 
X. Then, Ug = dd log{\\ s'W^), which shows that Us is smooth on the whole 
of X. Furthermore, since gg is a real function and —2dd is an imaginary 
operator, we obtain 

ujg G Ei^^^il) n El^' = V\Ej^, 1) C Vl^iX, 1). 

Let X be an embedded resolution of singularities of Y, and E the pre-image 
of Y in X. If E is locally described by the equation zi ■ ■ ■ Zm = 0, the section 
s can locally be written s\ where s' is a suitable non- vanishing, 

regular section on X. This shows 

9seE^,^^^iU)=Vl^iU,l). 

The claim that {uJs,gs) is a cycle follows from the definitions. The Poincare- 
Lelong formula 

-2dd[gs]x = [^^s] - Sdiv{s) 

together with proposition 15.581 (i) finally proves that the pair {uJs,gs) repre- 
sents the class of div(s). □ 
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5.7 Real varieties 



Real Deligne-Beilinson cohomology of real varieties. Recall 
that a real variety is a pair (Xc, F^o) with Xq a variety over C and F^o 
an antilinear involution of Xq. Analogously, a real algebraic manifold is a 
pair {Xc, Foo) with Xq a complex algebraic manifold. 

Notation 5.65. Given a real variety X]r, and a sheaf V of complex vector 
spaces with a real structure, we will denote by cr the involution given by 

u;^F*J^. 

We will use the same notation for any subsheaf of abelian groups of V, which 
is invariant under complex conjugation. 

Let now be a proper real algebraic manifold, and a normal cross- 
ing divisor in defined over M. We put Xk = Wu \ -Dr. The antilinear 
involution a of E^^(\og D^) respects the real structure and the Hodge filtra- 
tion. It thus induces an involution of V* {E]y^(\og D^) , p) , which we denote 
again by cr. The real Deligne-Beilinson cohomology groups of X^ are defined 
as the cohomology of the complex of fixed elements V* {EwcO-Og Dq) , pY , i.e., 

HUX^Mp)) = H*{V{Ewc{logDc),pr)- 

An analogous definition can be given for the real Deligne-Beilinson coho- 
mology groups with support. From the corresponding result for complex 
varieties, we obtain 

Theorem 5.66. Real Deligne-Beilinson cohomology is a Gillet cohomology 
for regular real schemes. □ 

A Gillet complex for real Deligne-Beilinson cohomology. Here 
we denote by C the site of regular schemes in ZAR(Spec(]R)). A scheme X 
in C defines a real algebraic manifold X^ = (Xc, F^o)- 

Definition 5.67. For any integers n,p, let 'Piog(p) denote the presheaf (in 
fact, the sheaf) over C, which assigns to X the group 

V^,^iX,p) = V^iE,,,iXuiC)),pr 

with a as in notation l5.65l For any scheme X in C, we will denote the induced 
presheaf of graded complexes of real vector spaces on X by ^^log.x = '^log^xi*)- 
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Proposition 5.68. Let X be a scheme in C. For any integers n,p, the 
presheaf V^^^xip) ^■^ « totally acyclic sheaf. 

Proof. Since we are working with complexes of vector spaces, the functor 
is exact. Therefore, the result follows from proposition 15.331 □ 

Theorem 5.69. The graded complex of sheaves of abelian groups T>\og is 
a Gillet complex for regular schemes over M, which computes real Deligne- 
Beilinson cohomology. Moreover, the pair ("Piog, •) is a graded commutative 
and pseudo- associative algebra for real Deligne-Beilinson cohomology. 

Proof. This is a consequence of theorem 15 . 341 and the fact that all operations 
are compatible with the involution ex. □ 
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6 Examples of Piog-arithmetic Chow groups 

In this section we will use the abstract theory of arithmetic Chow groups 
to define contravariant and covariant arithmetic Chow groups. The former 
were introduced in [17j; they have a ring structure after tensoring with Q and 
agree with the arithmetic Chow groups defined by Gillet and Soule in for 
arithmetic varieties with projective generic fiber. The latter were introduced 
in ^3]; they are covariant for arbitrary proper morphisms and have a module 
structure over the contravariant Chow groups. 

In all the examples in this paper the complex Diog will play the role of 
the Gillet complex, i.e., Q = Aog- 



6.1 Contravariant Diog-arithmetic Chow rings 



Definition and exact sequences. Let A be an arithmetic ring. A natu- 
ral example of a Piog-complex is "Diog itself by the identity morphism. Then, 
all the properties of Piog as a Gillet complex (multiplicativity, functoriality) 
imply the same properties for Vi^g as a Piog-complex. 

For any arithmetic variety X over A, we put Q = Piog and C = I'log.x in 
definition 14.41 Thus the pair (X, T>iog) is a Piog-arithmetic variety over A. By 
means of definition l4.1H we obtain the arithmetic Chow groups CH {X, T>\og). 
We recover the properties of these groups by applying the theory developed 
in section m these properties have already been stated in [T^. We start by 
writing down the exact sequences of theorem 14.131 For this we recall 

^l7'iX,p) = Vl:-\X,p) /Im(d^) 

= {ue El^'^-\X^){p - 1) I Fl{u) = io} /ilmd + Imd) . 

Theorem 6.1. For an arithmetic variety X over A, there are exact se- 
quences: 

CHP-i'P(X) ^ V^^-\X,p) ^ CR\x, Aog) ^ CHP(X) — ^ 0, (6.2) 

CRP-''P{X) ^ H'^P-\X^,R{P)) ^ CH'(X,Piog) ^^-^^ 

CH^(X) © ZPg^(X,p) "-^ H'^^iX^Mp)) 0, (6.3) 

OT-i'P(X) ^ H'^P'\X^Mp)) ^ CIl'(X,Piog)o ^ CHP(X)o 0. 

(6.4) 

□ 
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Green forms for a cycle. We now translate the result of proposition 
15.581 into the language of Green objects. 

Proposition 6.5. Let X be an arithmetic variety over A, andy ap-codimen- 
sional cycle on X. A pair g = [uj.lj) G H^^^ ^.p^^tP) « Green object for 
the class of y, if and only if 

-2dd[g]x = M - 5y. (6.6) 

□ 

To simplify notations, in the above proposition, we wrote [g\x instead of 
[S'lxoo) s-iid 5y instead of We will call Green objects with values in V\og 
Green forms. 

The arithmetic cycle associated to a rational function. We 
make the Green object and the arithmetic cycle associated to a rational 
function explicit. 

Proposition 6.7. Let f G k*{X), y = div(/), Y = suppy, and U = X \ 
Y. Then, the class clx)(/) of f in the group H^^^ {U,l) = if|,(f/K, is 
represented by the function 

^iog{ff)evi^{u,iy, 

we note that in order to ease notation, we have written clx)(/) instead of 
clx)i^g(/)- Furthermore, we have 

dh.(/)= (^div(/), (^0,-^log(//) 

Proof. Since we are interested in the cohomology of U, we may assume that 
y is a normal crossing divisor; we denote the inclusion hy j : U — > X. 
Then, / is a global section of O^^^ over U. 

To prove the first assertion, we have to show that the morphism 

given by mapping / to | log(//), is compatible with the map Ci of ()5.6|) . The 
key ingredient for this compatibility is provided by the commutative diagram 
of sheaves on U 

.(Z(l)-^aig)^0a\[-l] (6.8) 

I 
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where e{a,b) = exp(6), /(/) = ilog(//), and n{a,b) = j{b + b). Denoting by 
G the complex of sheaves on U given by 

the commutative diagram ()(j.8j) induces a commutative diagram of sheaves 
on X 

s{F^fl*xi^ogY) Rj,s{Z{l) Q*u)) '-^ s{F^Q*x{^ogY) Rj,G) 

I 

This commutative diagram shows that the class c\x>{f) = Ci(/) is represented 
by the pair (d log /, | log(//)) in the complex s{F^c^*{logY) ^ Rj,'^S,r)- 
This implies that the class clx)(/) is represented by | log(//) in the complex 

The second assertion follows from the first and the fact that the map b 
is given by h{b) = (0, —b) (see definition IH.24|1 . □ 

Multiplicative properties. By theorem the complex Viog satisfies 
all the properties required to apply theorem I4.241 In particular, we obtain 

Theorem 6.9. The direct sum 

CH (X, r'log)^ = ^^CH {X,V\og)Q 
p 

has the structure of a commutative and associative Q-algebra with unit. This 
structure is compatible with the maps u, cl and (; furthermore, it is compat- 
ible with the algebra structures of the Deligne complex, the Deligne-Beilinson 
cohomology and the Chow ring. □ 

Moreover, we observe that theorem 14.251 and corollary 14.261 also apply to 
the present situation. We leave it to the reader to write down the corre- 
sponding statements. 

Formulas for the ^-product. Using partitions of unity we will give 
alternative formulas for the ^-product of Green objects. These intermedi- 
ate formulas will be useful for the explicit computations carried out in our 
applications. 

Let y he a. p-codimensional, resp. z a g-codimensional cycle of X, and 
Y = suppi/M, resp. Z = supp2;iR. Let Qy = {ujy,gy) G if^^^^ y(X,p), resp. 

02 = {^z,gz) G g) be Green objects for y, resp. z. 
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Proposition 6.10. (i) If Qy = a(x) for some x G {X,p), we have 

the equality 

Qy*Qz = a(x A Uz) 
m the group ^^^^^^-^^ (X, p + q). 

(a) IfY = Z, we have the equality 

dy*ez= {uJy A UJz, Qy A iOz) 

in the group H^^'^^yi^^P + q)- 

Proof. The first claim is an immediate consequence of proposition 12.671 (iii) 
and tlie explicit formulas for the product in Deligne algebras given after 
remark 15.161 The second claim is covered by the explicit formula for the 
♦-product given in proposition I2.68[ again taking into account the formulas 
for the product in Deligne algebras given after remark IB. 161 □ 

The cases Y C. Z and Z ^ Y can be treated similarly. But the most 
interesting case is when neither Y nor Z are contained in YCiZ. In this case, 
we put U = X \ Y and V = X \ Z . Then, the Mayer- Vietoris sequence 

^ prog(f^ uv,p)^ vi^{u,p) © vi^{v,p) ^ vi^{u nv,p)^ o, 

where i{r]) = {ri,ri) and j{uj,ri) = —uj + rj, gives rise to the kernel-simple 
quasi-isomorphism 

i:Via^{UUV,p) ^ s{-j), 

which was an essential tool in the proof of theorem 13.311 We will now con- 
struct a section of j. Adapting the argument given in jTHj, we can find a 
resolution of singularities vr : X — > Xk of Y U Z, which factors through 
embedded resolutions of Y , Z , Y Ci Z. In particular, we can assume that 

7i'\Y), 7i-\z), 7i-\Yr]Z) 

are also normal crossing divisors. We denote by Y the normal crossing divisor 
formed by the components of '7r~^(y) which are not contained in '7r~^(y fl 
Z); analogously we denote by Z the normal crossing divisor formed by the 
components of 7T^^{Z) which are not contained in 7T^^(Y fl Z). Then, Y 
and Z are closed subsets of X which do not meet. Therefore, there exist 
two smooth, Foo-invariant functions a^^ and a^y satisfying < a^^ , cr^y < 
1, CTy^ + = 1, (jy^ = 1 in a neighborhood of Y, and a^y = 1 in a 
neighborhood of Z. Let now u G El^ {U fl V). Since a^^ is zero in a 
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neighborhood of Z, we find that a^z'^ ^ -^iog(^)! similarly, we get a ^^uj G 
-^iog(^)- Moreover, one easily checks that j(— cXy^u;, cr^yCij) = oj. Therefore, 
the assignment uj ^ {—ay^uj, o^yuS) gives rise to a section of j. Consequently, 
the map Vl^iJJVW.v) Vl^{lJ ,v)®^l^{y.V) given by c (-a^^c, a ^^c) 
determines a section of j. We are now in a position to apply proposition 12.411 
(ii). 

Lemma 6.11. The map s{—j) — > T>\og{U U V^p) given by 

((a, b), c) I — > a^ytt + a^r^b + a^^ dp c - dx)(cry2c) 

zs a morphism of complexes. It is a left inverse of the kernel-simple quasi- 
isomorphism l. □ 

Theorem 6.12. Let Qy = {ujy,gy), Qz = {ujz,gz), and a^^, a^^ be as above. 
In the group H'^^'^ynzi-^ iP ~^ '^^ then have the identity 

Qy*Qz= [ujy A Uz, {-2a ^^gy A ddgz - 2dd{ay^gy) A gz) ) . 
Proof. By theorem 13.371 we obtain 

Qy*&z= i^^y • ^^z, {{gy • ^z, • Qz), -Qy • 9z) ) 

in the group H'^^^'^'^ (T>\og{X) , s{— j) ^ p + q). By means of lemma IB.IH the 
latter element corresponds to 

{uy • Uz, {cr^^gy •dTygz + dv^cTy^gy) • gz) ) G H'^^^^^^zi^.p + q). 

The stated formula follows now from the explicit description of • and dx> in 
these degrees. □ 

Inverse images. Let / : X — > y be a morphism of arithmetic varieties 
over A. Since "Diog is a sheaf in the big Zariski site of smooth schemes over 
M, there exists a contravariant /-morphism 

Thus, the complex X>iog satisfies all the properties required to apply theorems 
14.291 and 14.311 In particular, we obtain 

Theorem 6.13. Let f : X — > Y be a morphism of arithmetic varieties over 
A. Then, there is a pull-back morphism 

f* : CH''(r,I?iog) CH'(X, Aog), 
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which is compatible with the pull-back of differential forms via the morphism 
uj, and with the pull-hack of algebraic cycles via the morphism C,. 

If g : Y — > Z is another such morphism, then the equality {g o f)* — 
f* o g* holds. 

Moreover, the induced map 

f* : CH (y, X>iog)Q — CH {X, X'iog)Q 

is an algebra morphism. □ 

Direct images of differential forms with logarithmic singular- 
ities. Differential forms witli logaritlimic singularities at infinity are not well 
suited to define covariant morphisms for Diog-complexes, as the following ex- 
ample shows. 

Example 6.14. Let / : C — > C be a morphism of smooth complex pro- 
jective curves, and let E be the pre-image of the singular values of the map 
/. Assume that there is a point P e E such that the morphism / is given 
by the local expression w = f{z) = in an analytic neighborhood of P. 
While the differential form dz A dz is smooth in a neighborhood of P, its 
push-forward f^{dz A dz) is locally of the form dw A dw/ (wwY^"^, which is 
not smooth and does not have logarithmic singularities. This shows that, 
even if the restriction 

/:C\E^C"\/(E) 
is smooth, it does not induce a morphism between E*^^{C \ E) and E*^^{C' \ 

Nevertheless, if / : X — > y is a smooth proper equidimensional mor- 
phism of projective varieties over M of relative dimension e, we can define a 
covariant /-pseudo-morphism as follows. For every open subset U of y we 
define 

r'{U,p) = hm (E^^y {log X xD),p 



Y,D 



Y 



where the limit is taken over all compactifications Y oi U with D = Y \ U 
a normal crossing divisor such that Y dominates Y. Since / is smooth, we 
note that X x D is a, normal crossing divisor of the smooth variety X xY. 

Y Y 

Let 

u : — > /*Aog,x 
be the natural morphism, and let 

V : T — > Piog,y(-e)[-2e] 
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be the morphism induced by integration along the fiber, i.e., 



v{uj) = f\UJ = 




By proposition I5.5(il the morphisms u and v determine a covariant /-pseudo- 
morphism. Using definition al 7Hl together with remarks . 74\ . THj and propo- 
sition EIZHl we obtain 

Theorem 6.15. Let f : X — > Y be a smooth proper morphism of proper 
varieties over M of relative dimension e. Then, there is a push-forward mor- 
phism 

U ■ H^v,,^^zv{X,p) — > H^v~^^^p-^{Y,p- e), 

which is compatible with the push-forward of differential forms via the mor- 
phism UJ, and with the direct image into relative Deligne-Beilinson cohomol- 
ogy via the morphism cl. 

If g : Y — > Z is another such morphism, then the equality [g o f)^ = 
g# o holds. 

Moreover, if a G H"^^^^ ^.pO^iV) o.'^d 1^ ^ ^Vi^^ zii-^^^)> '^^ have the for- 
mula 

f#{f*{a) -(3) = a- f#{f3) G if J+J^^':.. (F, p + q - e). 

□ 

Remark 6.16. In order to obtain more general push-forward morphisms one 
has to use different complexes. For instance, using a real Deligne-Beilinson 
complex made with differential forms satisfying logarithmic growth condi- 
tions instead of logarithmic singularities at infinity, we expect that one can 
avoid the projectivity condition for the varieties under consideration. An- 
other option is the use of the real Deligne-Beilinson complex with currents as 
carried out in the next section; then, one obtains direct images for arbitrary 
proper morphisms, at the price of losing some multiplicativity properties. 

Direct images of contravariant arithmetic Chow rings. Using 
the technique of covariant pseudo-morphisms as before, we can define a push- 
forward morphism associated to a morphism between arithmetic varieties, 
which are generically projective and smooth. As we will see below, this 
suffices to define arithmetic degrees. The following result is a consequence of 
theorem 16.151 and theorem 14.341 

Theorem 6.17. Let f : X — > Y be a proper morphism of arithmetic va- 
rieties over A of relative dimension e. Assume that /k : X]g — > Y]^ is a 
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smooth proper morphism of proper varieties. Then, there is a push-forward 
morphism 

f\ : CH'(X,Piog) ^ CH'"'(y,Piog), 

which is compatible with the push-forward of differential forms via the mor- 
phism 10, and with the push-forward of algebraic cycles via the morphism 

C- 

If g : Y — > Z is another such morphism, then the equality {gof)^ = g^of^ 
holds. 

Moreover, if a G CH (Y, Piog) and [3 G CH (X, Piog), we have the formula 
f^iria) -(3) = a- fM e &^'~\y, Aog)Q. 

□ 

HoMOTOPY IN VARIANCE. The fact that the definition of contravariant arith- 
metic Chow groups for non proper varieties has good Hodge theoretical prop- 
erties is refiected in the homotopy invariance of the groups CH {X,V\og)o. 

Proposition 6.18. Let X be an arithmetic variety over A, and it : M — > X 

a geometric vector bundle. Then, the induced morphism 

TT* : CH''(X,Piog)o ^ CH''(M,Piog)o 

is an isomorphism. 

Proof. For a proof we refer to ^Tj, 7.5. □ 

This theorem has the following variant used by H. Hu in his Ph.D. thesis 
to construct an arithmetic intersection pairing based on the deformation to 
the normal cone technique. With the hypothesis of the above theorem, we 
write 

Vl^iM,pU, = n* {Vl^iX,p)) C Vl^iM,p), 

and put 

CH''(M,Aog)vert = CO-' (M, p) .ert) • 

Then, we have 

Proposition 6.19. Let X be an arithmetic variety over A, and it : M — > X 

a geometric vector bundle. Then, the induced morphism 

71* : Cif{X,V,^,) Gk\M,V,^,U,, 
is an isomorphism. □ 
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Comparison with the arithmetic Chow groups defined by Gillet 
AND Soule. Let X be a d-dimensional arithmetic variety over A. We denote 
by CH (X) the arithmetic Chow groups defined by Gillet and Soule. Let y 
be a p-codimensional cycle of X, F = suppi/K, U = Xr \ Y, and 

fl, = {ujy,gy) G H^^ (Piog(X]R,p),Aog(t/,p)) 
a Green object for the cycle y. 

Liemma 6.20. The current 2{2m)'^-P-^^[gy] X is a Green current in the sense 
of fSHj for the cycle y. □ 

Proof. Since the definitions of the current associated to a differential form 
and the current associated to a cycle used in this paper differ from those in 
jnZ| by a normalization factor, we will write the proof explicitly in terms of 
integrals. 

We may assume that the arithmetic ring A is M and that ?/ is a prime 
cycle, hence Y is irreducible. We denote by F a resolution of singularities of 
Foo, and hj i : Y — > X^o the induced map. 

A current g G i5^^^'^^^(Xoo) is a Green current for the cycle y, if the 
equality 

holds, and if there exists a smooth differential form uj satisfying 

^(dd'r/) = / rjAu- t*r] (6.21) 

for any test form rj. 

We put g = 2{2iTiY^'P^^[gy]x , and fix a test form rj. Then, the definition of 
the current associated to a differential form and the relation (47ri)dd'^ = —2dd 
leads to 

{-2ddv)Agy. 



Since cr{gy) = F^{gy) = gy and ^ = {—iy~^gy, we conclude that F^{g) = 
(— 1)P~^(7. Therefore, the first condition for a Green current is satisfied. 
Writing out explicitly all normalization factors in proposition 16.51 we find 

-^-7 / i-2ddn) Agy = -^-j / T]AUy- - — / z*7]. (6.22) 

Equation ()6.22|1 is now easily seen to imply that g satisfies equation ()6.21|1 
with u) = {27ii)~Puy, which concludes the proof of the lemma. □ 
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Theorem 6.23. The assignment [y, {ojy.gy)] ^ [y,2(2-Ki)'^ ^^^[9y\x\ induces 
a well-defined map 

which is compatible with products and pull-hacks. Moreover, if is projec- 
tive, then it is an isomorphism, which is compatible with push- forwards. 

Proof. In the projective case, the proof is given in ^Hl and ^7]. On the other 
hand, we note that the well-definedness of the map and its compatibihty with 
products and pull-backs carries over to the quasi-projective case. □ 

Arithmetic Picard group. Let X be a projective arithmetic variety over 
A, and L a line bundle on X equipped with a smooth hermitian metric h on 
the induced line bundle Loo over X^o, which is invariant under Foq. As usual, 
we write L = (L, || ■ ||), and refer to it as a hermitian line bundle. Given a 
rational section s of L, we write = h{s,s) for the point-wise norm of 
the induced section of L^q. We say that two hermitian line bundles Li and 
L2 are isometric, if Li® L2 = {Ox, | ■ |), where | ■ | is the standard absolute 
value. The arithmetic Picard group Pic(A) is the group of isometry classes 
of hermitian line bundles with group structure given by the tensor product. 
One easily proves that there is an isomorphism 

Ci:Prc(X)-^CH'(A,Piog), 

given by sending the class of L to the class [div(s), {ujs,gs)], where s, Ug, and 
gs are as in proposition 15.641 We call the element 

Ci(I)GCH\x,Piog) 
the first arithmetic Chern class of L. 

Arithmetic degree map. Let i^' be a number field, and Ok its ring of 
integers. According to [HZ], Ok can be viewed as an arithmetic ring in a 
canonical way. Putting S = Spec((9i<-), theorem 16.231 provides an isomor- 
phism 

In particular, the computations of 37 , 3.4.3, carry over to this case with 
some minor changes. Since Soo consists of a finite number of points, we have 
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where means the invariants under complex conjugation acting on the set 
of the ri real, resp. 2r2 complex immersions of K. The exact sequence ()6.2|) 
therefore specializes to the exact sequence 



1 fi{K) O*, ^ ^ CH (5, Aog) C\{Ok) — ^ 0; 



here /i(-ft') is the group of roots of unity of K, p the Dirichlet regulator 
map, and C\{Ok) the ideal class group of K. We observe that, with the 
normalizations used in this paper, the map p equals the Dirichlet regulator 
map and there is no factor of (—2) as in \^Z\. The discrepancy by the factor 
2 is explained by theorem 16.231 the discrepancy about the sign is due to the 
fact that our map a is minus the corresponding map in ^7] . 

Due to the product formula for the valuations of K, we have as in |SZj a 
well-defined arithmetic degree map 



In particular, this is a group homomorphism, which is an isomorphism in 

the case = Q; it is common to identify CH (Spec(Z), Piog) with M. We 
note that in spite of the many different normalizations used in this paper, 
the arithmetic degree map defined above is compatible with the arithmetic 
degree map defined in jSTj under the isomorphism \l/ of theorem I6.231 

6.2 Covariant Diog-arithmetic Chow groups 

In this section we will use currents to define arithmetic Chow groups which 
are covariant for arbitrary proper morphisms. These groups do not have 
a ring structure, but they are modules over the contravariant arithmetic 
Chow ring defined in the previous section. We will grade the cycles by their 
codimension, and hence we will use the cohomological complexes of currents 
^x'j this forces us to restrict ourselves to equidimensional varieties X. Note 
however that we could also define covariant arithmetic Chow groups indexed 
by the dimension as in avoiding this restriction. 

Currents with good Hodge properties. We start by noting that, if y 
is a normal crossing divisor on a proper equidimensional complex algebraic 



deg:CH (5,Aog) 



R. 



(6.24) 



induced by the assignment 
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manifold X, then the complex ^*xiy '^^^ same cohomological properties as 
the complex ^J^(log Y\ Nevertheless, we cannot use this complex of currents, 
since it does not form a presheaf. For instance, if y is a closed subvariety 
of X, and vr : X — > X an embedded resolution of singularities of Y with 
exceptional divisor D, there does not exist a natural morphism — > 
in general. For this reason the theory of covariant arithmetic Chow 
groups is not fully satisfactory. 

Currents with support on a subvariety. Instead, we will use another 
complex of currents for quasi-projective subvarieties, which forms a presheaf, 
but has worse Hodge theoretical properties. To do this, let X be a proper 
equidimensional complex algebraic manifold, and the complex of currents 
on X as in section 

Definition 6.25. Let F C X be a closed subvariety. Then, the group of 
currents of degree n on X with support on Y is defined by 

= {TG ^11 suppTCF}; 

we write 

We note that S^y^ and ^x/Yoo complexes, since suppdT C suppT. 

Invariance under birational morphisms. The main reason for using 
the complex ^^/Yoo explained by the following result obtained by J. P. Poly 
(for a proof, see |U7j). 

Theorem 6.26. Let f : X' — > X he a proper morphism of equidimensional 
complex algebraic manifolds, and Y C X a closed subvariety satisfying Y' = 
f-\Y). If 

f\x'\Y':X'\Y' ^X\Y 
is an isomorphism, then the induced morphism 

f* '■ -^x'/y^ ^ ^x/Y^ 
is an isomorphism. □ 

Cohomological properties. Let X be a proper equidimensional complex 
algebraic manifold, F C X a closed subvariety, and U = X \ Y. Since the 
complex of currents on F is a subcomplex of ^y^, there is an induced 
morphism ^x/y — ^ ^x/y^j ^ote that these two complexes do not agree. 
As usual, we put 

Dx/Y^=nX,^x/Yj. 
and observe that the complex Dx/y^o = ^^*x/y^ R' ^) ^ Dolbeault complex. 
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Proposition 6.27. For any integers p,q, the assignment which sends an 
open subset U of X to D^'jy^ (where Y = X \ U), is a totally acyclic sheaf. 

Proof Let U and V be open subsets of X. We put Y = X\U and Z = X\V. 
Since the complexes of currents depend only onUUV and not on X, we may 
assume that Y = YoUW,Z = ZoUW such that Yq n Zq = with closed 
subsets Yq, Zq, and W. We have to show that the sequence 

is exact. By definition, one obviously has 

Letting {a^jO-z} be a partition of unity subordinate to the open covering 
{X \ Zq, X \ Yq}, and writing any current T G D^yuz)^ as T = cXyT + cr^T, 
we see on the other hand that 

This proves the proposition. □ 

Let now tt : X — ^ X be an embedded resolution of singularities of Y with 
D = 7r~^{Y) a normal crossing divisor, i.e., X can be viewed as a smooth 
compactification UofU with D = U\U a normal crossing divisor. By means 
of theorem I5.44| we obtain a morphism of complexes 

E^(logD)^Dl/^^Dl/^^, 

which leads, by theorem 16.261 to a morphism of presheaves of Dolbeault 
complexes 

Eiog(f/)° = (Kg,R(f/)°,d) ^ (/^x/y^,M,d) = Dx/y^, 

which, in turn, induces a morphism of sheaves of Dolbeault complexes 

Eiog(f/) = (Kg,R(f/), d) — (i5x/y^,R, d) = Dx/Y^. (6.28) 

By another result of J. P. Poly (see [HZI) this morphism is a quasi-iso mor- 
phism. Nevertheless, it is not a filtered quasi-isomorphism with respect to 
the Hodge filtration. The Hodge filtration of the Dolbeault complex Dx/Yoo 
is related to the formal Hodge filtration studied by Ogus in |^ . 

Remark 6.29. We have now obtained a complex of currents on a quasi- 
projective variety which does not depend on the choice of a compactification. 
The price we have to pay is that the Hodge filtration of this complex is 
not the desired one. It would be useful to have a complex of currents on 
quasi-projective varieties which is independent on the compactification and 
compatible with the right Hodge filtration. 
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A Piog-COMPLEX CONSTRUCTED BY MEANS OF CURRENTS. Let C denote 

the site of regular schemes in ZAR(Spec(]R)). A scheme X in C defines a 
real algebraic manifold X^ = {Xq, -Fqo)- 

Definition 6.30. Let X be an equidimensional scheme in C, U an open 
subset of X, Y = X \U, and vr : X — > X an embedded resolution of 
singularities of Y with D = 71^^ (Y) a normal crossing divisor. For any 
integers n,p, let 2^curx(p) — '^curxi'^P) denote the presheaf in the Zariski 
topology of X, which assigns to U the group 

with cr as in notation 

Proposition 6.31. Let X be an equidimensional scheme in C . For any 
integers n,p, the presheaf V^^^ x{p) ^■^ 0, totally acyclic sheaf. Moreover, it 
has a natural structure of a T>\og-complex. 

Proof. The first statement is consequence of proposition 16.271 and the exact- 
ness of the functors V^{-,p). The structure as a Piog-complex is given by the 
morphism ()6.28|) . □ 

Multiplicative properties. 

Proposition 6.32. Let X be an equidimensional scheme in C of dimen- 
sion d. Then, the sheaf Vcur,x = l^cmxi*) ^ Viog-module over Viog^x = 

A;g,x(*)- 

Proof. Let U be an open subset of X, Y = X \ U, and tt : X — > X 
an embedded resolution of singularities of Y with D = tt^^(Y) a normal 
crossing divisor. The space of currents D~ is the topological dual of 

the space of differential forms of degree 2d — n on Xq, which are flat along 
Dc (for a proof in the case n = 2d, see jSHj)- Since the product of a form 
with logarithmic singularities along Dc with a form which is flat along Dc, 
is again flat along Dc according to fI^, IV. 4. 2, there is a product 

EUUc)0D'^ ^D^Tm 

given by ^^T{uJ) = Ay?). This pairing turns ^^c/Dcoo = ^^*Xc/Dc^,r' 
into a Dolbeault module over the Dolbeault algebra E\og{U) = (i^f^g d). 
An application of proposition 15.181 now shows that Vcur,x becomes a Aog- 
module over X- □ 
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FUNCTORIAL PROPERTIES. The following result is a direct consequence of 
the fact that the pull-back of a flat differential form is again flat. 

Proposition 6.33. Let f : X — > Y be a proper morphism of equidimen- 
sional schemes in C of relative dimension e. Then, the push-forward of 
currents induces a covariant f -morphism of Viog- complexes 

/# : /*Pcur,x — ^ T'cur,y(-e)[-2e]. 

Moreover, if /* denotes the pull-hack of differential forms, and •x (resp. 
•y) is the pairing between Aog,x and T>cm,x (resp. "Piog.y and Vcavy), then 
if*, f#, f#, •x, •y) is a projection five-tuple. 

Covariant Piog- arithmetic Chow groups. Let A be an arithmetic ring, 
and X an arithmetic variety over A such that X]g is equidimensional. Then, 
the pair (X, X>cur) is a X'log-arithmetic variety. Therefore, we can apply the 
results of section ID in particular, we can define the arithmetic Chow groups 

CH*(X,Pcur). 

The main properties of these groups are summarized in the subsequent 
theorem, which is a consequence of section 0] and the properties of currents 
discussed above. 

Remark 6.34. Note that, when X{C) is not compact, the cohomology 
groups of the complex Pcur.x are not the Deligne-Beilinson cohomology groups 
of X. Nevertheless, it is possible to prove that the complex Pcur.x satisfies 
the weak purity property. This fact is reflected by the exact sequences given 
in the next theorem. 

Theorem 6.35. With the above notations, we have the following statements: 
(i) There is an exact sequence 

CHP-i'P(X) ^ Vll;\X,p) ^ CH''(X,Peur) ^ CW{X) — . 0. 
Moreover, if X{C) is projective, then there is an exact sequence 

^ HIP-\X^,R{P)) ^ CH'(X,Deur) ^^-^^ 

CH^(X) © ZI?,t(X,p) H'^^iXuMp)) — 0. 

(6.36) 

(a) For any arithmetic variety X over A such that Xjr is equidimensional, 
there is a covariant morphism of V\og- arithmetic varieties 
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which induces a morphism of arithmetic Chow groups 

When X{<C) is compact this morphism is injective. Moreover, if X{C) 
has dimension zero, this morphism is an isomorphism. 

(Hi) For any proper morphism f : X — > Y of arithmetic varieties over A of 
relative dimension e, there is a covariant morphism of Viog- arithmetic 
varieties of relative dimension e 

cur, Y 1 1 

which induces a morphism of arithmetic Chow groups 

: CH''(X,Peur) GR'"\Y,V,^,). 

If g :Y — > Z is another such morphism, the equality {go f)^ = g^,o f^ 
holds. Moreover, if f^ : X^ — > Y^ is a smooth proper morphism of 
proper varieties, then is compatible with the direct image of con- 
travariant arithmetic Chow groups. 

(iv) The group CH (X, Pcur) is a module over CH (X, Diog) with an asso- 
ciative action. Moreover, this action satisfies the projection formula 
for proper morphisms. 

□ 

Canonical class of a cycle. An interesting property of covariant arith- 
metic Chow groups is that any algebraic cycle has its canonical class. One 
may think of the contravariant arithmetic Chow groups as the operational 
Chow groups where the characteristic classes of vector bundles hve, and the 
covariant arithmetic Chow groups as the groups where the algebraic cycles 
hve. 

If y is a p-codimensional cycle with Y = suppy, and U — X\Y, the pair 
{6y, 0) represents the class of the cycle y in the group 

Hll^^^y{X,p) = H'P{V,,,{X,p),V,,,{U,p)). 

Therefore, it is a Green object for y. 

Definition 6.37. Let X be an equidimensional arithmetic variety over A, 
and y a p-codimensional cycle on X. Then, we denote by y e CH {X, Pcur) 
the class of the arithmetic cycle (y, {8y, 0)), i.e., 

y=[2/,(5„0)]eCHV,^^cur). 



153 



6.3 Height of a cycle 

Let K he a. number field, Ok its ring of integers, and S = Spec^Ox)- Let 
X be a (i- dimensional projective arithmetic variety over Ok with structural 
morphism vr : X — > S. Since 5*00 consists of a finite number of points, we 
have -Eiog,K('S'c) = D^^^^. Therefore, we have 

CH*(S,I)eur) = CH*(5,Aog) ^ GE\S), 

where the isomorphism is provided by the map \E' given in theorem 16.231 

The key ingredient in the construction of the height of a cycle in [101 is a 
biadditive pairing, the so-called height pairing, 

(■!•): CH''(X) ® Z\X) CH''^'~\s)q. (6.38) 

We refer the reader to [H^ for more details about this pairing. Here, we 
want to interpret the height pairing ()6.38j) in terms of the contravariant and 
covariant arithmetic Chow groups developed in this chapter. 

Definition 6.39. With the above notations and conventions, we define for 
a e CR\x,Viog) and z e Zi{X) 

ia\z) = TT^a ■ z) e Glf^''~\s, Aog)^. (6.40) 
li p + q = d + 1, we call the real number 

h.ta{z) = deg(a | z) 
the height of z with respect to a. 
Proposition 6.41. There is a commutative diagram 

CH''(X,Piog)®Z«(X) Clf^''\s,V,,^)Q 



CH'(X) ® Z^(X) ch'^' \s)q, 

where the map \& is given by theorem 16'. 2^ and the horizontal maps are 
provided by the pairings ()6.40|) and ()6.38p . respectively. 

Proof. We have to show that the height pairing given in definition 16 . 391 trans- 
lates into the height pairing of [lOj using the isomorphism \E'; in particular, 
we will see that our formula ()6.4()j) translates into the formulas (2.3.1) and 
(2.3.2) therein. 
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U p + q < d, we have 7r*(a ■z) = 0, since X has dimension d over 5*. This 
trivially proves the claimed commutativity. 

In order to treat the case p + q = d, we choose a representative {y, Qy) of 
a such that yx intersects zk properly and such that Qy is a Green object for 
the cycle y. By the CH (X, r'iog)-module structure of CH {X,Vcut), we now 
compute 

{y,Qy) ■ {z, (4,0)) = 

iiVK ■ ZK, Qy * {S,, 0)) , [y ■ Z]fi,) G Z'^'^iXK, 2^cur)Q © CH^n''(^)Q , 

which has class a ■ z in CH^ ''(X, Dcur)(Q- Therefore, we obtain in this case 
{a \ z) = 7r^(a; ■ z) = 

Mk ■ Zk), (0, 0)] G ChV, ^^cur)Q = CH°(5)q . 

Taking into account formula (2.3.1) of ITU], this immediately implies 

^{a I z) = [n,{yK ■ zk), 0] = (^(a) | z), 

which is the claimed commutativity. 

In order to treat the case p+q = d+1, we let Qy = {uy, Qy). Since yK^ZK = 
0, we find that QyASz is a well-defined closed current in V^^^^{X, d+1). Using 
the explicit description of the ^-product, we obtain 

Qy * (5^, 0) = (^Uy A (5^, gy A 

which implies 

(a \ z) = n^:(a ■ z) = 



vr, ([y ■ z]fin) , (0,7r#(^5,))] G ^{S,V,^,)^ = Ge\s,Vi, 



By our normalization of the current associated to a cycle, we observe 

7r#(^,A4) = (2j)d-<? /" 



this shows 

2 

\ z 
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On the other hand, since \I/(a;) = [y,2{2niY ^'^^[Oylx], using formula (2.3.2) 
of |10| and respecting our definition of the current [gy]x, we compute 

1 



TT*i[y- ^]fin) , 



2 

' (27ri)P-i 



2(27ri) 



^2/ 



9y 



which proves the claimed commutativity in the case p + q = d + 1. 



□ 



[g,]x{uj{a)) 



We recall that there is an alternative formula for the height pairing in 
[Tn] given in terms of a choice of a Green object for the cycle z. Since this 
formula is useful for explicit computations, we describe it with the notations 
and normalizations used in this paper. 

Lemma 6.42. Let a e CH^(X,Piog) and z G Z'^{X). Then, the height 
pairing {a \ z) is given by the formula 

{a\ z) = TT* {a ■ [z, qA) + a{[g^]xiuj{a))) , 

where = i^z,9z) ^ -^©^^g ^9 Q') ^■^ arbitrarily chosen Green object for 
the class of z and, by abuse of notation, the quantity [gz]x{^^{(^)) is the real 
number given by 

[gz]x{uj{a)), ifp + q = d + l, 
0, ifp + q^d + l. 

Proof. Using theorem 16.351 (i). we note that the element 

[z,Qz] = [z, {^^z,gz)] e CH^(x,r'iog) 

maps to the element 

By means of the CH (X, r'iog)-module structure of CH (X, Dcur), we now 
compute 

vr* (a ■ [z, 0^]) + a{[g^]xiuj{a))) 

z, {[ujz], [gz]x 
z, ([uJz], [gz]x 
z, {[uJz], [gz]x 
z, ([ujz], [gz]x 



IT* a 



IT* a 



+ a (^7r# {[uj{a) A gz]x 
+ TT* (^a (^[uj{a) A gz]x^^ 
+ 7i*(^a-a ([gz]x^^ 



IT* a 



+ ^[[g. 



X 
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Putting 7 = [g^x and observing 

a(Q^) =a(7) = [0,(-di,7,-7)] 

= 0, 



we find 



TT* {a ■ [z,Qz\) + ^{[gz]x{i^{oi))) = n^{a ■z) = {a\ z). 



□ 
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7 Arithmetic Chow rings with pre-log-log 
forms 



7.1 Pre-log-log forms 

Notations. Let X be a complex algebraic manifold of dimension d and D 
a normal crossing divisor of X. Write U = X \ D, and let j : U — > X be 
the inclusion. 

Let V be an open coordinate subset of X with coordinates zi, . . . ,Zfi; we 
put Tj = \zi\. We say that V is adapted to D, ii the divisor D is locally given 
by the equation zi ■ ■ ■ Zk = 0. We assume that the coordinate neighborhood 
V is small enough; more precisely, we will assume that all the coordinates 
satisfy < 1/e^, which implies that logl/r^ > e and log(log l/rj) > 1. 

If / and g are two functions with non-negative real values, we will write 
f -< g, if there exists a constant C > such that f{x) < C ■ g{x) for all x in 
the domain of definition under consideration. 

LOG-LOG GROWTH FORMS. 

Definition 7.1. We say that a smooth complex function f on X\D has 
log-log growth along D, if we have 

k 

|M,...,^,)Hniog(log(l/r,)r (7.2) 

i=l 

for any coordinate subset V adapted to D and some positive integer M. The 
sheaf of differential forms on X with log-log growth along D is the subalgebra 
of generated, in each coordinate neighborhood V adapted to D, by the 
functions with log-log growth along D and the differentials 

dzj dzj for i - 1 k 

Zi\og{l/ri)' ^jlog(l/ri)' 

dzi, dzi, for i = /c + 1, . . . , d. 

A differential form with log-log growth along D will be called a log-log growth 
form. 

DOLBEAULT ALGEBRA OF PRE-LOG-LOG FORMS. 

Definition 7.3. A log-log growth form lo such that dcj, do; and ddu; are also 
log-log growth forms is called a pre-log-log form. The sheaf of pre-log-log 
forms is the subalgebra of generated by the pre-log-log forms. We will 
denote this complex by S'x{{D))pre- 
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The sheaf (S'^{{D))p^e, together with its real structure, its bigrading, and 
the usual differential operators d, 3 is easily shown to be a sheaf of Dolbeault 
algebras. Moreover, it is the maximal subsheaf of Dolbeault algebras of the 
sheaf of differential forms with log-log growth. 

Comparison with good forms. We start by recalling the notion of good 
forms from [HH] . 

Definition 7.4. Let X, D, U, and j be as above. A smooth function on 
X \ D has Poincare growth along D, if it is bounded in a neighborhood of 
each point of D. The sheaf of differential forms with Poincare growth along 
D is the subalgebra of j*<^^ generated by the functions with Poincare growth 
along D and the differentials 

dzj dzj for 2 - 1 k 

^ilog(l/ri)' ^ilog(l/rj)' 

dzi, dzi, for i = k + 1, . . . ,d 

for any coordinate subset V adapted to -D. A differential form 77 is said to 
be good, if 77 and dt] have Poincare growth. 

From the definition, it is clear that a form with Poincare growth has log- 
log growth, but a log-log growth form, in general, does not have Poincare 
growth. In contrast, a good form does not need to be a pre-log-log form. 
Note however that a differential form which is good, of pure bidegree and 
59-closed, is a pre-log-log form. In particular, a closed form of pure bidegree 
and Poincare growth is also a pre-log-log form. 

Inverse images. The pre-log-log forms are functorial with respect to in- 
verse images. More precisely, we have the following result. 

Proposition 7.5. Let f : X — > Y be a morphism of complex algebraic 
manifolds, let Dx, Dy be normal crossing divisors on X , Y respectively, 
satisfying f^'^i^Dy) C Dx- If rj is a section of (S'Y{{Dy))pT-e, then f*rj is a 

section of (g'^{{Dx)) pre- 

Proof- Let P be a point of X and Q = f{P). Let Vx (resp. Vy) be a 
coordinate neighborhood of P (resp. Q) adapted to Dx (resp. Dy) with 
coordinates zi, . . . ,Zd (resp. Wi, . . . , w„) such that /(Vx) C Vy. Assume 
that Dx has equation zi - ■ ■ z^ = and Dy has equation wi ■ ■ ■ wi = 0. In 
these coordinate neighborhoods we can write / = (/i, . . . , /„). The condition 
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/ ^(-Dy) C Dx means that the divisor of fi is contained in Dx for i 
Therefore, we can write 



k 



1,3 



where the j are non-negative integers and the Ui are units. 

We start by showing that the pre-image of a log-log growth form has 
log-log growth. \i h is a, log- log growth function on F \ Dy, then in order to 
show that ho f has also log- log growth on X \ Dx-, one uses the inequality 

log(a + 6) < 2(log(a) + log(6)) < 41og(a) log(6) 

for a,b>e. Next we consider f*{dwi/ {wilog{l/\wi\))); we have 

J,* f \ dfi 



w,\ogil/\w,\)J /.log(l/|/.|) 

Yl^j^i d ^j/^j + d Ui/ Ui 



Ej=i «ij ^og{l/rj) + log(l/|Mi|) 

Since, for any jo, the functions 

^og{l/rjo) log(l/Mi) 



Ei=i «ij ^og{l/rj) + log(l/Mi) J2j=i log(V^i) + log(Vwi) 

have log-log growth, we obtain that f*{dwi/{wi\og{l/\wi\))) is a log-log 
growth form. The analogous result holds true for the complex conjugate 
form. 

Finally, in order to show that the pre-image of a pre-log-log form is a 
pre-log-log form one uses the compatibility between inverse images and the 
operators d and d. □ 

Integrability. Despite the fact that pre-log-log forms and good forms are 
not exactly the same, they share many properties. For instance the following 
result is the analogue of propositions 1.1 and 1.2 in [HK] . 

Proposition 7.6. (i) Any log-log growth form is locally integrable. 

(a) If rj is a pre-log-log form, and [ri\x is the associated current, then 

[dr]]x = d[ri]x. 

The same holds true for the differential operators d, d and dd. 
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Proof. Recall that d is the dimension of X. For the first statement it is 
enough to show that, if 77 is a [d, (i)-form on X with log-log growth along D 
and V is an open neighborhood adapted to D, then we have 



V 



< 00. 



Let us denote by A^^^^ C V the punctured disc of radius 1/e'^. We now have 
the estimates 



V 



< 



< 



log(log(l/ri)) 



M 



d 2;,- A d Zj 



dr,; 



02(1 r log(log(l/r,))*^-— — - 
J-J- rilog(l/r,)^ 



1=1 



dr,; 







n log(l/ri)H 



< 00 



for some positive real constants Ci, C2, C3 and e, and a positive integer M. 
The proof of the second statement is analogous to the proof of proposition 
1.2. in [HS]. □ 



7.2 Pre-log forms 

We will now define a complex which contains pre-log-log forms as well as the 
differential forms with logarithmic singularities introduced in section EISl 

Log growth forms. Let X, D, U and j be as in the previous section. 

Definition 7.7. We say that a smooth complex function f on U has log 
growth along D, if we have 

k 

\f{z„...,z,)\^l[log{l/r,)'' (7.8) 



i=l 



for any coordinate subset V adapted to D and some positive integer M. The 
sheaf of differential forms on X with log growth along D is the subalgebra 
of generated, in each coordinate neighborhood V adapted to by the 
functions with log growth along D and the differentials 

d Zj d Zj 



? — ? 

Zi Zi 



for i = 1, . . . , k, 



dzi, dzi, for i = k + 1, . . . , d. 
A differential form with log growth along D will be called a log growth form. 
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DOLBEAULT ALGEBRA OF PRE-LOG FORMS. 

Definition 7.9. A log growth form uj such that duj, du and ddu are also 
log growth forms is called a pre-log form. The sheaf of pre-log forms is 
the subalgebra of j:^S'^ generated by the pre-log forms. We will denote this 
complex by S'xiD)^^^- 

The sheaf (S'x{D)p^e, together with its real structure, its bigrading and the 
usual differential operators d, d is easily shown to be a sheaf of Dolbeault 
algebras. Moreover, it is the maximal subsheaf of Dolbeault algebras of the 
sheaf of differential forms with log growth. 

7.3 Mixed forms 

For the general situation which interests us, we need a combination of the 
concepts of pre-log-log and pre-log forms. 

Mixed growth forms. Let X, D, U and j be as in the previous section. 
Let Di and D2 be normal crossing divisors, which may have common com- 
ponents, and such that D = Di U D2. We denote by D2 the union of the 
components of D2 which are not contained in Di. We will say that the open 
coordinate subset V is adapted to Di and D2, if Di has equation zi - ■ ■ z^. = 0, 
D2 has equation Zk+i ■ ■ ■ zi = and that = \zi\ < l/e"^ for i = 1, . . . , d. 

Definition 7.10. We define the sheaf of forms with log growth along Di and 
log-log growth along D2 to be the subalgebra of j^S^ generated by differential 
forms with log growth along Di and log- log growth along D2- 

A differential form with log growth along Di and log-log growth along D2 
will be called a mixed growth form, if the divisors Di and D2 are clear from 
the context. 

Dolbeault algebra of mixed forms. 

Definition 7.11. Let X, D = D1UD2, U and j be as before. A mixed growth 
form UJ such that du, du and ddu are also mixed growth forms is called a 
mixed form. The sheaf of mixed forms is the subalgebra of j^^S'^j generated 
by the mixed forms. We will denote this complex by S'x{Di{D2))pre- 

The sheaf (Sx{Di{D2))pve together with its real structure, its bigrading 
and the usual differential operators d, B is easily checked to be a sheaf of 
Dolbeault algebras. Observe that we have by definition 

<^;,{D^{D2))pre = ^x{Dl{D2))vre. 

Inverse images. We can generalize proposition 17.51 as follows. The proof 
is similar to the proof of proposition 17. 5^ and is therefore left to the reader. 
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Proposition 7.12. Let f : X — > Y be a morphism of complex algebraic 
manifolds. Let Di, D2 and Ei, E2 be normal crossing divisors on X , Y , 
respectively, such that D1UD2 and E1UE2 are also normal crossing divisors. 
Furthermore, assume that f^^{Ei) C Di and f~^{E2) C U D2. If rj is a 
section of <S'y{Ei{E2)) pre, then f*rj is a section of S'^{Di{D2))pre- D 

Integrability. Let y he a p-codimensional cycle of X, Y = suppy, and 
U = X \ Y . Let vr : X — > X be an embedded resolution of singularities of 
Y with normal crossing divisors Dy = it~^{Y) and D = 7T^^{D). 

Lemma 7.13. Assume that g G T{X , S'~{DY{D))pT-e) . Then, the following 
statements hold: 

(i) If n < 2p, then g is locally integrable on the whole of X. We denote by 
[g]x the current associated to g. 



(li) If n <2p-l, then <l[g]x = [dg] 



Proof. Recall again that d is the dimension of X. To prove the first state- 
ment, we have to show that for any differential form a of degree 2d — n > 
2d — 2p and any compact set K O X, the integral 

a A g 

K 

is convergent. The restriction of 71*0; to Dy vanishes, since the map Dy — > 
X factors through Y . Therefore, if ■ ■ ■ = is a local equation for Dy, 
TT*a can be decomposed as a sum of terms, each of which contains a factor 
dzi., dzj, or zi for i = 1, . . . ,k. The result now follows from the local 
expression describing logarithmic growth. The second statement is proven 
analogously. □ 

Good Metrics. We recall Mumford's notion of a good metric (see fHSj) in 
the case of line bundles. 

Definition 7.14. Let X be a complex algebraic manifold, D a normal cross- 
ing divisor, and put U = X \ D. Let L be a line bundle on X, and L\u the 
restriction of L to U. A smooth hermitian metric h on L\u is said to be good 
along D, if we have for all x G -D, all neighborhoods of x adapted to D 
(with coordinates zi, . . . , Zd), and all non- vanishing, rational sections s of L 
(writing = h{s,s)): 



1-1 <C 



N 



for some C > and some X G N; 
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(ii) the 1-form (9 log is good on V. 

A line bundle L equipped with a good hermitian metric will be called a good 
hermitian line bundle. The pair (L, h) will be denoted by L. 

Let X, D, U he as in the preceding definition, and let L be a good 
hermitian line bundle on X. For a non-vanishing, rational section s of L, let 
Y denote the support of div(s), and put V = X \ Y . Let vr : X — > X be an 
embedded resolution of singularities of Y with the property that 

Dy = TT-\Y), D = n-\D), TT-\Y U D) 

are normal crossing divisors. 

Proposition 7.15. With the above notations we have 

iog||s|| Gr(x,4(Dy(5))p,,), aaiog||s|| er(x,4'^((5))p,e). 

Proof. First we show that ujs = ddlog\\s\\ is a pre-log-log form. If s' is 
another non- vanishing, rational section of L in an open subset of X, we 
note that ujs\v = i-^s'lv- This shows that ddlog \\s\\ gives rise to a differential 
form uj on X, which is independent of the choice of s. By the very definition 
of a good metric, u has Poincare growth along D (IV. Since this is true for 
any open covering of X, u has Poincare growth along D. Therefore, it is a 
log-log growth form. Since u is closed, du, du, and ddu have also log-log 
growth. This proves that u; is a pre-log-log form along D. 

We now show that log is a pre-log form along Dy and a pre-log-log 
form along D. In a neighborhood of a point of Dy\D, the function log ||s|| has 
logarithmic singularities along Dy, as shown in proposition 15.641 Therefore, 
log is a pre-log form. On the other hand, in a neighborhood of a point of 
D \ Dy, the function has log growth along D, since h is a good metric; 
hence, log||s|| has log-log growth. Moreover, the forms 91og||s||, 91og||s||, 
and 99 log ||s|| have Poincare growth. This shows that log is a pre-log-log 
form along D \ Dy. Finally, in a neighborhood of a point of Dy (1 D, we 
can write log as the sum of a form with logarithmic singularities and a 
pre-log-log form. Therefore, log is a pre-log form there. □ 

7.4 A Piog-complex with pre-log-log forms 

In this section we will construct a Piog-complex using pre-log-log forms along 
a fixed normal crossing divisor. 
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Varieties with a fixed normal crossing divisor. Let X be a complex 
algebraic manifold of dimension d, and D a normal crossing divisor. We will 
denote the pair (X, D) by X. If V C X is an open subset, we will write 

]^ = {v,Dnv). 

In the sequel all operations have to be adapted with respect to the pair 
X. For instance, if F C X is a closed algebraic subset and = X \ F, 
we mean by an embedded resolution of singularities of Y adapted to D an 
embedded resolution of singularities tt : X — > X ol Y with the property 
that 

Dy = n-\Y), D = 7r-\D), n'^Y U D) 

are normal crossing divisors. Using Hironaka's theorem on the resolution of 
singularities one can show that such an embedded resolution of singu- 
larities exists; for a more detailed description of this fact we refer to theorem 
below. 

Analogously, a normal crossing compactification of X will be a smooth 
compactification X such that the adherence D of D and the subsets B-^ = 
X \ X and Bj^ U D are normal crossing divisors. 

Pre-log along infinity. Given a diagram of normal crossing compacti- 
fications of X 




X 



with divisors B^^/ and Bj^ at infinity, respectively, proposition 17. 121 gives rise 
to an induced morphism 

In order to have a complex which is independent of the choice of a partic- 
ular compactification, as in section 15. H| we take the limit over all possible 
compactifications. For X = (X, D) as before, we then denote 

e;,,(x)° = ihnr(x,^-^(5^(D))p,e), 

where the limit is taken over all normal crossing compactifications X of X . 

The assignment which sends an open subset f/ of X to E*^^{U_)° is a 
presheaf in the Zariski topology; we denote by E*^^ j^ its associated sheaf. 

Definition 7.16. Let X = (X, D) be as above. Then, we define the complex 
E*j.^(X) of differential forms onX , pre-log along infinity and pre- log- log along 
D as the complex of global sections of E*^^ ^, i.e. 
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Remark 7.17. Since in the definition of tlie preslieaf E*^^{X_)° we are using 
growtli conditions it miglit be possible tfiat tfiis preslieaf is already a sheaf. 

A "Diog-COMPLEX. Let X be a smooth real variety and D a normal crossing 
divisor defined over M; as before, we write X = {X, D). For any [/ C X, the 
complex E*j.^{U_) is a Dolbeault algebra with respect to the wedge product. 

Definition 7.18. For any Zariski open subset U C X, we put 
where a is as in notation 15.651 

Theorem 7.19. The complex 'D^^c,x_ is a Viog-complex on X. Moreover, it 
is a pseudo-associative and commutative Vi^^- algebra. 

Proof. As in proposition l5.331 we obtain that the presheaf T^'^^^xi'^v) satisfies 
the Mayer- Vietoris principle for any pair of integers p, n. Therefore, it is a 
totally acyclic sheaf. Clearly, there are morphisms of sheaves of algebras 

The claim now follows. □ 

Remark 7.20. Because of technical reasons we are not able to prove or 
disprove a filtered Poincare lemma for the complex E*^.^^- Therefore, we do 
not know the exact cohomology of the complex T>*^^x- Nevertheless, if X is 
projective, we note that the composition 

V*{Ex,p) ^ V*iExm)^,,,p) V*iDx,p) 

is a quasi-isomorphism. Therefore, the least we can say is that the cohomol- 
ogy of V*{Ex{{D))pT-e,p) has the usual real Deligne-Beilinson cohomology 
as a direct summand. As has been mentioned before, this problem can be 
solved by imposing growth conditions on all derivatives of the differential 
forms under consideration. 



7.5 Properties of Green objects with values in X>pre. 

We start by noting that theorem 17.191 together with section 13.21 provides us 
with a theory of Green objects with values in Ppre- 
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Mixed forms representing the class of a cycle. In the case of 
pre-log-log forms the analogue of proposition 15.581 is less precise, since we do 
not know the cohomology of the complex of pre-log-log forms. 

Proposition 7.21. Let X be a smooth real variety, andy a p-codimensional 
cycle on X with support Y. Let {u,g) be a cycle in 

s'^{V^,e,x{X,p) ^ I^pre,x(X \ Y,p)). 

Then, we have the following statements: 

(i) If the class of the cycle {uj,g) in iJ^*^^^ y(X,p) is equal to the class of 
y, then 

-2dd[g]x = M - Sy. (7.22) 



(ii) Assume that y = 'Ylij^j^j with irreducible subvarieties Yj and certain 
multiplicities Uj. If the cycle {u!,g) represents the class of y, then the 
equality 

holds for any differential form a; here B^{Y) is an e -neighborhood of 
Y such that the orientation of dBg^iY) is induced from the orientation 
ofB.iY). 

(Hi) Let gy be a a differential form on X\{Y VJ D) such that there exists an 
embedded resolution of singularities tt : X ^ X ofYinX_ with Dy = 
7T~^{Y) and D = 7:^^(0), such that in any coordinate neighborhood 
adapted to Dy, we have 

k 

7r*((7,) =5^aaog(lM)+/3, (7.24) 

1=1 

where ai are smooth forms on X and (3 is the pull-back of a pre-log-log 
form on X. // the pair {uy, gy) = {—2ddgy, gy) is a cycle in 

S^^{V^re,x{X,p) ^ I?pre,x(X \ Y,p)) 

and gy satisfies one of the equations ()7.22|1 or ()7.23|) . then the pair 
{u!y,gy) is a pre-log-log Green object for the cycle y. 
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Proof, (i) Let (cu', g') be a cycle representing the class of y in H^yi^^ ^{p))- 
By proposition I5.58[ we then have 

-2dd[g']x = [uj'] - 5y. 

By our assumption, the pair {00, g) and the image of {uj',g') represent the 
same class in H^^^^yi^^P)- Therefore, there are elements a G Vp^~x{X,p) 
and b E Vf~^^{X \ Y,p) such that 

(di, a,a-dT)b) = {uj, g) - {J, g'). 

The result now follows as in proposition 15.581 (i) using proposition 17.61 and 
lemma 17.131 

(ii) The second statement follows as in proposition 15.581 (ii). 

(iii) Since pre-log-log forms have no residues we may deduce this state- 
ment from proposition 15.581 □ 

The first Chern form of a line bundle. Let X be a quasi-projective 
smooth real variety, D a normal crossing divisor defined over M, and L = 
{L, h) a hermitian line bundle over X, where the hermitian metric /i on L®C 
is good along D and satisfies F^h = h. If s is a non-vanishing, rational 
section of L, we put = h{s, s), y = div(s), Y = suppy, U = X \ Y , and 
(see section IKHjl 

9s = -^log(||s|n. 
Us = -2ddgs. 

Moreover, we put X = (X, D), and U={U,UnD). We call 

c,(L) = oos = -2ddg, = dd\og{\\sf) 
the first Chern form of L. 

Proposition 7.25. With the above assumptions the following statements 
hold: The form Us belongs to V'^^^ -f^{X,l) , the form gs belongs to V^^^ -^{11,1). 
The pair {us,gs) is a cycle of the simple complex 

Moreover, this pair represents the class of div(s) in the cohomology group 
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Proof. We first show that the form Us belongs to V^^^ ^i^^ !)• By proposition 
17.151 the form is a pre-log-log form. The invariance of h with respect to 
Foo now shows that Ug belongs to Vpj.^x{^A)- Analogously, again using 
proposition 17. 15| we obtain that gs € ^pre,x(^) 

Let now h' be a hermitian metric on L, which is invariant under F^o and 
smooth on the whole of X. Let us write 

^; = -^iog(ii.ir^), 

uj'^ = -2ddg'g. 

By proposition I5.(i4[ the class of div(s) in y(X, 1) is represented by the 
pair {(jj'g.g'g). On the other hand, we have 

gg-g'geVl^^^^{X,l), 

and therefore 

^v{gs - g's, 0) = {ujs, gs) - g[). 
Thus both pairs represent the same cohomology class. □ 

Formulas for the ^-product. The formulas of proposition 16.101 still 
hold true in this more general context. Moreover, if we consider embedded 
resolutions adapted to X, it is not difficult to show that theorem 16.121 also 
remains true. 

Inverse images. 

Proposition 7.26. Let f : X — > Y be a morphism of smooth real vari- 
eties, let Dx, Dy he normal crossing divisors on X ,Y respectively, satisfying 
f'^iDy) C Dx- Put X = {X,Dx) and Y = {Y,Dy). Then, there exists a 
contravariant f -morphism 

/* : ^^prc.y ^ f*T^pre,X- 

Proof. By proposition 17. 121 the pull-back of differential forms induces a mor- 
phism of the corresponding Dolbeault algebras of mixed forms. This mor- 
phism is compatible with the involution a. Thus, this morphism gives rise 
to an induced morphism between the corresponding Deligne algebras. □ 

Push-forward. We will only state the most basic property concerning 
direct images, which is necessary to define arithmetic degrees. Note however 
that we expect log-log forms to be useful in the study of non smooth, proper, 
surjective morphisms. By proposition 17. 6| we have 
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Proposition 7.27. Let X. = {X, D) be a proper, smooth real variety with 
fixed normal crossing divisor D. Let f : X — > Spec(]R) denote the structural 
morphism. Then, there exists a covariant f -morphism 

f# : /*^^pre,X ^ Aog,Spec{R)- 

□ 

In particular, if X has dimension d, we obtain a well-defined morphism 

/# ■■ Hl'^2z^UX,d) ^ #|,,^^,2.(Spec(M), 1) = M. 
Note that, by dimension reasons, we have 2^+^ = 0, and 

HvZ%.^riX,d) = i/2^+l(Pp,e,x(X,rf+ 1)). 

Thus, every element of if^'^^^^^+i (X, d) is represented by a pair g = {0,g). 
The morphism mentioned above, is then given by 

Notation 7.28. For g = {0,g) e H^^^^^+iiX, d), we will write 



{27iiY Jx {2niY 




7.6 Push-forward of a *-product. 

Embedded resolution of singularities. We now come to a more de- 
tailed description of embedded resolutions of singularities of closed algebraic 
subsets adapted to a fixed normal crossing divisor, which has been announced 
in section 17.41 This description is a consequence of the following precise ver- 
sion of Hironaka's theorem on the resolution of singularities, which is con- 
tained in [3S]. These considerations provide an important tool for explicit 
computations of ^-products. 

Theorem 7.29 (Hironaka). Let X be a smooth variety over a field of 
characteristic zero. Let D be a normal crossing divisor of X , and Y an 
irreducible reduced subscheme of X. Then, there is a finite sequence of smooth 
varieties X^. and subschemes -D^, Yfc, Wk (k = 0, . . . , N) satisfying: 

(%) Xo = X,Do = D, Yo = Y; 
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(ii) for k = 0, . . . , N , the subscheme Wk is contained in Y^, the subscheme 
Yk is normally flat along Wk, the subscheme is a normal crossing 
divisor, and the pair {Dk, Wk) has only normal crossings; 

(Hi) Xk+i is the blow-up of Xk along Wk, -Dfc+i is the pre-image of DkUWk 
by this blow-up, and Y^+i is the strict transform ofYk; 

M Wk^Ykfork = 0,...,N-l, Wn-i = Yn_,, anc? = 0. 

These conditions imply that Iat-i is smooth and that is an embedded 
resolution of singularities ofY . Moreover, the class of embedded resolutions 
of singularities of Y , which can be obtained by this method is cofinal among 
the class of all embedded resolutions of singularities ofY. □ 

We apply theorem 17.291 to the case when X is a smooth real variety of 
dimension d, D a fixed normal crossing divisor of X, and Y an irreducible 
reduced subscheme of codimension p in X intersecting D properly. Theorem 
17.291 now provides an embedded resolution of singularities vr : X^ — ^ X of 
Y adapted to D. We note that = 7i^^{Y U D), and that 7i^^{Y) and 
7r~^(D) have either no component or at least one component E in common. 
In the latter case, the component E appears in some intermediate step of the 
resolution of singularities, so we may assume that E arises as the exceptional 
divisor from Wk by the map Hk : X^ — > Xk obtained by composing the 
corresponding blow-ups. Since Y is not contained in D, we have codimM4 > 
codimF. For later purposes, we denote by pk : Xk — ^ X the map obtained 
by composing the corresponding remaining blow-ups, i.e., vr = o vr^. 

We now describe the above situation in terms of local coordinates. We 
let U denote a coordinate neighborhood of x G Xn with local coordinates 
zi,...,Zii adapted to D^- This means in particular that there are subsets 
S, resp. T of {1, . . . , (i} such that the normal crossing divisors tt~^{Y), resp. 
7T~'^{D) are locally given by the equations 

J]^ 2;^ = , resp. J]^ = . 

The case when n^^iY) and tt^^^D) have no component in common is then 
characterized by S* fl T = 0, whereas in the other case we have S* fl T 7^ 0; 
in the latter case, we assume that i ^ S (IT, i.e., the common component E 
is given by the equation Zi = 0. Furthermore, we denote by a coordinate 
neighborhood of nk{x) G Xk with local coordinates ti, . . . ,td adapted to the 
pair {Dk, Wk); this means that DkClV is a union of coordinate hyperplanes 
and that Wk is contained in the intersection of at least p + 1 coordinate 
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hyperplanes. For simplicity, we will assume that Wk is contained in the 
subset defined by ti = ■ ■ ■ = tp+i = 0. After shrinking U, if necessary, we may 
assume that r^kiU) ^ V] furthermore, we may assume that 71^(2:1, ... , Zd) = 
(ti, . . . ,td). The condition iTk{E) C Wk implies that these local coordinates 
satisfy 

(ti, . . . , trf) = (^^Mi, . . . , ^r^^^Wp+i, *,•••,*), (7.30) 

where ni,...,np+i are positive integers and Ui,...,Up+i are holomorphic 
functions, whose divisor of zeros does not contain E. 

Basic pre-log-log-Green forms. In many cases, we can derive a for- 
mula for the push-forward of a *-product of top degree, which is similar to 
the push-forward of the *-product defined by Gillet and Soule. A basic ingre- 
dient to derive such formula is the concept of basic pre-log-log Green forms, 
which we define below. These forms are the analogues of the basic Green 
forms introduced in [T3] . 

Definition 7.31. Let X be a smooth real variety with fixed normal crossing 
divisor D as above, y a p-co dimensional cycle of X, and Y = suppy. A basic 
pre-log-log Green form for y is a differential form Qy on X satisfying: 

(i) {—2ddgy, Qy) is a Green object with values in X>pre for the cycle y; 

(ii) there exists an embedded resolution of singularities vr : X — > X of Y 
adapted to D such that in any coordinate neighborhood with coordi- 
nates zi, . . . ,Zd adapted to 7r^^(F) the equality 

^, = ^«aog(l/r,)+/3 (7.32) 

i 

holds, where at are smooth differential forms on X and /5 is a pre-log-log 
form on X. 

We note that in equation ()7.32|) . the quantity gy should be replaced by n*{gy). 
We permit ourselves this slight abuse of notation here and in the subsequent 
considerations in order to make our notations less heavy. Note also that in 
view of proposition 17.211 if condition (ii) is satisfied then condition (i) holds 
if any of the of the equations ()7.22|) or ()7.23|) is satisfied. 

By the cofinality property in the stated above version of Hironaka's theo- 
rem, we may assume that the embedded resolution of singularities appearing 
in the preceding definition of a basic pre-log-log Green form is obtained by 
means of theorem I7.29t i.e., we may assume X = X^- and choose the local 
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coordinates according to the discussion following theorem l7.29l In particular, 
we can then rewrite equation ()7.32|) as follows 



9y = X]«ilog(lM) +/?• 

i&S 

We note that gy is a basic Green form in the sense of if is a smooth 
differential form. We observe that the function — log is a basic pre-log-log 
Green form for div(s), if L = (L, || ■ ||) is a good hermitian line bundle and s 
a non- vanishing, rational section of L. 

Push-forward of a ^-product. 

Theorem 7.33. Let X_ = {X, D) be a proper, smooth real variety of di- 
mension d with fixed normal crossing divisor D. Let y he an irreducible p- 
codimensional cycle of X, Y = snppy, and gy a basic pre-log-log Green form 
for y. Let z be a q-codimensional cycle of X , Z = supp^;, and Qz = {^z,gz) 
a Green object with values in Ppre for the cycle z. Assume thatp + q = d-\- 1, 
that Y and Z intersect properly, i.e., Y (1 Z = 0, and that Y intersects D 
properly. Then, the following formula holds 

Proof. Let and a^y be as in lemma If). Ill Recalling —2dd = (47ri)dd'^ in 
conjunction with theorem I(i.l2[ which is also valid for pre-log-log forms, we 
obtain 



gy*gz = i^^y A ujz, ini (dd^'iay^gy) Agz + CTzydy A dd^^g^y) ■ 
We have to investigate the integral 

/ 9y*dz = 4:TTi (dd^iay^gy) Ag^ + a^^gyAdd^g,). 

In order to perform these calculations, we put 

X,=X\{B,{D)UB,{Y)UB,{Z)), 

where B^{-) denotes an e- neighborhood of the quantity in question. We 
observe that on X^ we can split up the integral 



/ (dd^'iay^gy) Agz + a^ygyAdd'^gz 

J Xe 
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into two summands. For the first summand we obtain 

= {dd''gyAg,-dd^{a^Ygy)Ag,) 

{dd^gy Agz-d (d^ia^Ydy) A gz) + d'^ia^^gy) A d^^). 



For the second summand we find 



/ (^zY9y A dd^fif^ = / {gyA dd^^g^ - cr^^gy A dd^^g^) 
J Xe J Xe 

= / i9y A dd^^, - d (ay^gy A d^ g^) + d{ay^gy) A d' g^) 
J x^ 

= / (c/yAdd^^^-d((T^^c/2, Ad^^^) + d'(a^^c/J Ad^^). 
Jx^ 

Summing up all the terms in question now yields 

/ (dd'=((Ty^5(^) Agz + cr^ygy A dd^g^) 

JXe 

= / (^j, Add^c/^ + dd^c/y A^^ + d^c/y Adc/^) 

JXe 

- d{d^{a^ygy) Agz + (Jy^gy Ad^ g^) 

J Xe 

= / c^j^Add"^, + / did'iay^gy) Agz-dy^gyAd'^gz). (7.34) 

JXe JXe 

The claim of theorem 17. 331 will now follow as a consequence of the subsequent 
two lemmas. □ 

Lemma 7.35. With the notations and assumptions of theorem 7. 3'^ the 
differential form gy A dd'^ gz is locally integrable on X. 

Proof. In order to show that the differential form gy A dd^ gz is locally inte- 
grable on X, it suffices to show that it is locally integrable on an embedded 
resolution of singularities vr : Xn — > XofYUZ adapted to D as described 
in theorem l7.29[ We let U he a. coordinate neighborhood of a; G Xn with local 
coordinates zi, . . . , Zd adapted to as described in the discussion following 
theorem 17.291 Then, we have 

9y = X^«ilog(l/n) 

i&S 
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where at and P are as in definition 17.311 Since the differential form ^Add'^gz 
has log-log growth along 7r~^(D), it is locally integrable on Xj^. 

In order to study the local integrability of the forms ailog(l/rj) A dd'^ gz 
{i & S), we have to distinguish the following two cases. 

Case 1: i ^ T. This is the easy case. Namely, if we write 

ai log(l/ri) A dd'^^f^ = f{zi, . . . , Zd) dzi A ■ ■ ■ A dzd, 
then / satisfies the estimate 

. . . , log(l/r.) 11 ^2i^g(i/;^.)2 

for some positive integer M. Therefore, Q;ilog(l/rj) A dd'^^'^ is locally inte- 
grable on Xjq. 

Case 2: i E T. Let E be the divisor given by the equation Zi = 0; 
then ii^ is a common component of tt~^{Y) and 7["^{D). Letting with the 
local coordinates ti, . . . , be as in the discussion following theorem l7.29| the 
component E is mapped to the subset Wk, which is contained in the subset 
defined by ti = ■ ■ ■ = tp+i = 0. In these coordinates, we now write 



Pk 



lidd'g,) = J2 kK',L'iti,...,td)dtK' AdtL' 



K'L' 



where K', L' C {1, . . . , are strictly ordered subsets of cardinality q. We 
fix K', L', and put i] = kK',L'(ti, . . . ,td) dtx' AdtL'. Since q = d — p + 1, the 
subset K' contains at least two elements 

a,be {l,...,p + l}, (7.36) 

which implies that rj contains the differentials dt^ and dtj,. 

We are left to show that log(l/rj) A ulirj) is locally integrable. To this 
end, we write 



ailog(l/ri) = "^gijizi, . . . , Zd) dzj A dzj , 
I, J 

Kiv) = ^hxA^i, ... ,Zd)dzK Ad zl 



K,L 



where /, J C {1, . . . , d} are strictly ordered subsets of cardinality p — I, and 
K,L C {1, . . . , are strictly ordered subsets of cardinality q. In this way, 
we obtain the {d, (i)-form 

ailog(l/ri) A 7r^(?7) = fij^xA^i^ ■ ■ ■ ^ ^d) dzi A ■ ■ ■ A dzd 

I,J,K,L 

inK=(D 
JnL=0 
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with fij^K,L = 9i,j ■ ^K,L- We now show that each function fij^K,L is locally 
integrable on X^- If i G / fl J, the local integrability of fij^K,L follows as in 
case 1. liiElnLoriEJnK, the local integrability of fij^K,L follows 
from the estimate 



I/. 



I,J,K,L 



{Zi, ...,Zd)\ -< 



log(log(l/r,))*^ -rr log(log(l/r,)) 



n 



M 



r'j log(l/rj)2 



We are left to investigate the last sub-case i E K r\ L. Letting a, h be as in 
()7.36|) . and recalling the relation ta = z^''Ua from ()7.30p . we first observe 



log(log(l/|t,|)) 

ta\0g{l/\ta\) 



(logKlog(l/r,)+log(l/|M,|)))*^ ' 



UaiUa log(l/ri) + log(l/|Ua|)) 

na{\og{na log(l/ri) + \og{l/\Ua\))) 



Zi{na\og{l/ri) + log(l/|Ma|)) 



• 1 

J=l J 

M 

— dZi, 



(7.37) 



and a similar formula for the index h. If j ^ i in the above sum, we obtain 
the estimate 



(logKlog(l/r,) +log(l/|^J)))^ du^ 

Uairia log(l/ri) + log(l/|Ma|)) 



dZj 



niog(log(l/r,))^' 



rj{hg{l/ri) +log(l/rj)) 



with some positive integer M'. Since the divisor of zeros of Ua does not 
contain the component E, we obtain for j = i the estimate 



(logKlog(l/r,) +log(l/|Mj)))^^ du. 



niog(log(l/r,))*^' 



fceT 



log(l/ri) + log(l/rj) ■ 



Ua{na\og{l/ri) + log(l/|Ma|)) OZi 

Moreover, for the last summand, we note the estimate 

niog(log(l/r,))^' 



na{\og{na\og{l/ri) + log(l/|Ma|))) 



M 



Zi{na\og{l/ri) +log(l/|Ma|)) 



fceT 



ri log(l/ri 



Now, we note that the differential form fij^K,L{zi, . . . , Zd) d Zi A ■ ■ ■ A d Zd is 
built up in particular by the differential forms 7r^(. . . dta) and ttK- ■ ■ dtb) (cf. 
()7.37|1 ). We then observe that the summand of the differential 7r^(. . .dta) 
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containing dzi is multiplied with the corresponding summands of ttI{. . . dth) 
containing the differentials dzj for j ^ i. Hence, the function fij^K,L can be 
decomposed as a sum of functions Fj (j 7^ i), each of which satisfying the 
estimate 

log(l/r,) (log(log(l/r,)) log(log(l/r,)))A^' 



-flog(l/ri)2 
1 

rj log(l/ rj) J-^A rl log(l/ r^) 



r2log(l/ri)2 rj(log(l/rj) +log(l/rj)) 
T-r log(log(l/rfc))*^' 



2 



Finally, using the inequality between the arithmetic and the geometric mean, 
we obtain 

,^| . I TT log(log(l/r.))^' 

' ^' r2r|(log(l/r,)log(l/r,))i+^ 11 r2log(l/r,)2 

for some e > 0. Adding up, this proves the local integrability of fij^K,L, 
and thus concludes the proof of the local integrability of the differential form 
ai log(l/rj) A dd^^^f^ on Xn- □ 



Lemma 7.38. With the notations and assumptions of theorem 7. 3'^ the 
equality 

hm / d {d^ia^^Qy) A g, - a^^Qy A d^ g,) = / g, 

holds true. 

Proof. For any e, p > 0, we put 

X,,, = X \ {B,{D) U B,{Y) U B,{Z)) , 
Y, = Y\{B,{D)yjB,{Z)). 

Since a^^ vanishes in a neighborhood of Z, we obtain by means of Stokes 
theorem 

/ d{d\a^^gy) Ag^- Oy^gy A d' g^) 

{d^a^^gy) Ag-,- a^^gy A d^ g^) . 

d{B,{D)UBp{Y)) 



177 



Since we derive from equation ()7.34|) in conjunction with lemma 17.351 that 
the hmit 

hm / (d'(ay^^j/) ^g-,- a^^gy A g,) 

^'P^'^ Jd{B,iD)UBp{Y)) 

exists, we can compute it as an iterated hmit by taking first the hmit as p 
tends to zero, and then the hmit as e goes to zero. Since gy is a basic Green 
form in the sense of [T3| for the cycle y on X\ {Bs{D) U Bs{Z)), proposition 
15.581 (ii) shows 

lim / (d^ia^^gy) A g, - a^^gy A d' g,) = 

Jd(B,{D)UBp{Y)) 

/ (d'K^^y) A^^ -dy^^j, Ad'^^) + / g,. 

JdBe(D) ^ JY^ 

By the functoriality and local integrability of the pre-log-log forms, we have 



lim 9z= 9z- 

J Ye Jy 

Therefore, we are left to show that 

lim / {d^{ay^gy) Ag,- a^^gy A d' g^) = 0. 

^^^JdB,{D) 

To perform this calculation, we will again work on an embedded resolution of 
singularities vr : Xjy — > X ofYUZ adapted to D together with a coordinate 
neighborhood U of x E with local coordinates Zi, . . . ^z^ adapted to Djv- 
Following the discussion after theorem 17.291 we may assume without loss of 
generality that the situation is local, i.e.. 



■'1 1 



where Ei is given by the equation Zi = (i G T); the choice of local coordi- 
nates determines differentiable maps 

Pi : dBe{E,) ^Ei {leT). 

From this we obtain (recalling our abuse of notation) 



lim / (d'(cTy^^y) Ag,- a^^gy A g,) = 

V lim / (d^ia^^gy) A g, - a^^gy A d" g,) 

V lim / / [d^a^^gy) Ag,- a^^gy A d^ g,) . 

-■^^ JEi Jvi 
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We will now fix zq e T, and show that 



^""{(^Yzdy) f\9z- (^Yzdy A d'' 1 ^ hi{e) ■ h2, (7.39) 



where lim^^o hi{e) = and /i2 is locally integrable on Eig] we emphasize that 
equality ()7.39p is an inequality between forms meaning that the inequality 
holds true for the absolute values of all the components involved. To do this, 
we observe that the differential form 



is the sum of two forms, one of which is of type {d, d — 1), and the other of 
type {d — l,d). We will prove the lemma for the term of type {d, rf — 1) noting 
that the argument for the term of type [d — l,d) is analogous. 

Since Qy is a basic pre-log-log Green form, we have (as in the proof of 
lemma I7.35|l 



Therefore, we have to establish the bound ()7.39|1 for each summand of Qy in 
the above decomposition. For the summand (3 the bound ()7.39|) follows easily, 
since /5 is a pre-log-log form. In order to treat the remaining summands, we 
write 



d'(f^yz^j/) AQz- (TYz9y A d'^ 




d 



(^Yz9y A dg^ 




d 



d{(rYz9y) A g. 



z 




As in the previous lemma, we have to distinguish two cases. 
Case 1: i ^ T. Then, we easily find the estimates 




M 




1 log(log(l/r,,))^^ -p. log(log(l/r,))- 
ri riolog(l/rij r|log(l/rj)2 



from which the bound ()7.39|1 follows. 
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Case 2: i E T. In this case, the functions / and g will satisfy the same 
type of estimates; thus, we will discuss here only the estimate for the function 
/. \ii = io, by arguing as in the second part of the discussion of case 2 in the 
proof of lemma Einni we find that / can be decomposed as a sum of functions 
Fj {j 7^ i), each of which satisfying the estimate 



Fj{zi,...,Zd)\ -< 



log(l/r,J (log(log(l/r,J) log(log(l/r,)))^' 
rto log(lMo) rj{\og{l/ri^) + log(l/rj)) 
1 TT log(log(l/rfc))^^' 

rj\og{l/rj) J- A r2log(l/rfe)2 



fceT 

^ 1 TT log(log(l/rfe))^^^ _ 

rior]\og{l/rjnog{l/rjy+^ J-J rl\og{l/rk)^ 

here M' and e are as in the proof of lemma 17. 351 Hi ^ io, the function / can 
be decomposed as a sum of functions Fj (j 7^ i), which are seen to satisfy for 
j = io the estimate 

,^|. I TT log(log(l/r.))^^' 

' ^' r,„r2log(l/r,J^log(lM)i+^ 11 rl\og{l/r,y ' 

and for j 7^ iq the estimate 



\Fj{zi,...,Zd)\ -< 

1 

rio rfr] log ( 1 J log( 1 /r^ ) i+Mog ( 1 /r^ ) 

All in all, this leads to the desired estimate ()7.39j] and concludes the proof 
of the lemma. □ 

Remark 7.40. Clearly, the theorem also holds when D = 0, and in particu- 
lar for Green objects with values in Piog. In this case we recover the classical 
formula for the ^-product of Green currents used in [37^ and ^73^ (see also [TT)] . 
jl7j). If X is a Riemann surface, then formula ()7.34j) implies the formulas 
for the generalized arithmetic intersection numbers given in |59|. 



n 

fceT 



log(log(l/rfc))^-^' 
rl log(l/rfc)2 



7.7 Arithmetic Chow rings with pre-log-log forms 
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Definition of arithmetic Chow groups with pre-log-log forms. 
Let {A, S, Foo) be an arithmetic ring and X an arithmetic variety over A. 
Let D be a fixed normal crossing divisor of Xs, which is stable under Foo- 
Following the notation of the previous section we will denote the pair (Xk, D) 
by X . The natural inclusion X>iog — > Ppre induces a Piog-complex structure 
in Ppre- Then, (X, Dpre) is a Piog-arithmetic variety. Here, we use the con- 
vention that whenever X is clear from the context, we write Ppre instead of 

Ppre,x Therefore, applying the theory developed in chapter HI we can define 

— - * 

the arithmetic Chow groups CH (X, Ppre). 

The rest of this section will be devoted to studying the basic properties 
of the arithmetic Chow groups CH (X, Ppre). In particular, we will see that 
they satisfy properties similar to ones of the classical arithmetic Chow groups 
stated in [SZ| and most of the properties stated in . 

Exact sequences. We will use the notations of section lOl applied to the 
sheaf Ppre- We start by writing the exact sequences given in theorem I4.1HI 

Theorem 7.41. Let X be an arithmetic variety over A, and X = (Xjj, D) 
as above. Then, we have the following exact sequences: 

CHf-i'f(X) ^ VlP-\X,py'''' ^ Clf{X,Vp,e) ^ CHP(X) — > 0, 

CHf-i'P(X) ^ if^^^-^(X,p)P"'= CH^(X,Pprc) 

CH^(X) © ZVlUX.p) Hll^{X,p) — . 0, 

CHf-i'P(X) ^ H^ll\X,p)^'''' ^ Gk\x,Vp,,)o ^ CHP(X)o ^ 0. 

Proof. This is a direct consequence of theorem I4.1HI □ 
Since Ppre is a "Diog-complex, there is a morphism 

HUX^.p) H^^jX,p). 
Thus, we obtain from theorem 17.411 
Corollary 7.42. There is a complex of abelian groups 

H'^'''\X^,p) ^ CH"(X,Pp,e) ^^-^^ CH^'(X) © ZVX{X,p). 

Remark 7.43. Since we have not computed the cohomology of the complex 
Vpj-e, these exact sequences do not give all the possible information. We 
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do not even know whether the corresponding cohomology groups satisfy the 
weak purity condition. 

As we have already pointed out, by imposing bounds on all derivatives 
of the functions, one can define a smaller complex, the complex of log-log 
forms, for which we can prove the Poincare Lemma. Using this complex one 
obtains arithmetic Chow groups that satisfy the exact sequences of theorem 
17. 4H but with real Deligne-Beilinson cohomology (see remark [7.2U|) . This 
will be developed in a forthcoming paper ([T8]). 

Green forms for a cycle. We now translate the result of proposition 
17.211 into the language of Green objects. 

Proposition 7.44. Let X be an arithmetic variety over A, and y a p- 
codimensional cycle on X . If a pair q = {uj,g) G H^^^^ ^pi^^P) ^■^ « Green 
object for the class ofy, then 

-2dd[g]x = M - 5y. (7.45) 

□ 

We recall that in the above proposition [g\x stands for [(^Ixoo^ 5y for 5y^. 

Multiplicative properties. By theorem the complex V^^^ satisfies 
all the properties required to apply theorem 14.241 

Theorem 7.46. The abelian group 

CH*(X, Dpre)Q = CH''(X, Dp,e) ® Q 

p>0 

is a commutative and associative ^-algebra with unit. □ 

Inverse images. Let / : X — > y be a morphism of arithmetic varieties 
over A. By proposition 17.121 the complex V^^^ satisfies all the properties 
required to apply theorem 14.291 

Theorem 7.47. Let f : X — > Y be a morphism of arithmetic varieties 
over A, let Dx, Dy be a normal crossing divisor on Xr, 1^; respectively, 
satisfying f'^^Dy) C Dx- Put X_ = {Xr,Dx) and Y_ = (lK,Dy). Then, 
there is an inverse image morphism 

r : CH*(F,I)pre,y) CH*(X, Pp^e.x). 
Moreover, this morphism is a morphism of rings after tensoring with Q. □ 
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Push-forward. We will state only the consequence of proposition 17.271 



Theorem 7.48. Let X be a d- dimensional projective arithmetic variety over 
A, X^= D) as above, and tt : X — > Spec(y4) the structural morphism. 
Then, there is a direct image morphism 

TT, : CH'^^\x, Ppre) — > CH\Spec(A)). 

Proof. Since Spec (A) k is a finite collection of points, the complex 2^iog,spec(A) 
is constant. By proposition 17. 27| there is a covariant morphism of arithmetic 
varieties 

tt: (X,Pp,e) (Spec(v4),Piog). 
The claim now follows from theorem 14.341 □ 

Relationship with other arithmetic Chow groups. Let X be an 
arithmetic variety over A, and X = (Xk, D) as above. The structural mor- 
phism 

-/-) , 7") 

^log ^pre 

induces a morphism of arithmetic Chow groups 

CH*(X,Piog) ^CH*(X,I?p,e), 

which is compatible with inverse images, intersection products and arithmetic 
degrees. If X is projective, the isomorphism between CH (X, Aog) and the 

arithmetic Chow groups defined by Gillet and Soule (denoted by CH (X)) 
induces a morphism 

CH*(X) CH*(X,Ppre), (7.49) 

which is also compatible with inverse images, intersection products and arith- 
metic degrees. Since we have not proven the purity of the co homology of Ppre, 
we cannot state that the above morphism is an isomorphism, when D is triv- 
ial, except when the dimension of Xp is zero (see remarks I7.2UI and I7.43p . 
By contrast, if we impose growth 

Arithmetic Picard group. The theory of line bundles equipped with 
smooth hermitian metrics developed in section Ifj.ll can be generalized to the 
case of good metrics. For this let X be a projective arithmetic variety over A, 
X = (Xr, D) as above, and L a line bundle on X equipped with a hermitian 
metric h on the induced line bundle L^o over Xqo, which is good along D and 
invariant under Foo- As usual, we write L = (L, || ■ ||), and refer to it as a good 
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hermitian line bundle. Given a rational section s of L, we write = h{s, s) 
for the point-wise norm of the induced section of L^o- We say that two good 
hermitian hne bundles Li and L2 are isometric, if LiC^Lg = {Ox, \ -1), where 
I ■ I is the standard absolute value. The arithmetic Picard group Pic(X) is the 
group of isometry classes of good hermitian line bundles with group structure 
given by the tensor product. 

Proposition 7.50. Let X he a projective arithmetic variety over A, X = 
as above, and L = (L, || ■ ||) a good hermitian line bundle on X. 
Then, there is a map 

Ci:Prc(X)^CH\x,Pp,e), 

given by sending the class of L to the class [div(s), {uJs,gs)] ^ CH (X,T)p^e), 
where s, Us, and gs are as in proposition \ 7. 2^ 

Proof. We have to show that the map c'l is well defined. By proposition 
I7.25| the pair {ujs,gs) represents a Green object for the class of div(s). If 
s' is another non-vanishing, rational section, then s' = f ■ s with a rational 
function /, and we have 

(div(s'), {ujs',gs')) = (div(s), {ujs,9s)) + div(/). 

Hence, {div{s), {us,gs)) and {div {s' ), {ujs',gs')) represent the same class in 
the arithmetic Chow group CH (X, I^pre). Therefore, the map c'l is well 
defined. □ 

Definition 7.51. Let X be a projective arithmetic variety over A, X = 
D) as above, and L a good hermitian line bundle on X. Then 'ci{L) G 

CH (X, Ppre) is called the first arithmetic Chern class of L. 

Arithmetic degree. Let K he a number field. Ok its ring of integers, 
and S = Spec^Ox)- From section IFTH we recall the arithmetic degree map 

deg : GH\s,Viog) — >R. 

Definition 7.52. Let X be a c?- dimensional projective arithmetic variety 
over Ok with structural morphism vr : X — > S, (Xr, D) as above, and 
L a good hermitian line bundle on X. The real number 

l'+'=d^(7r.ci(l)^+i) 

is called the arithmetic degree of L, or the arithmetic self-intersection number 
ofL. 
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Remark 7.53. Logarithmically singular line bundles on arithmetic surfaces 
as defined in [59^ are good hermitian line bundles. It is straightforward to 
show that the intersection number at the infinite places given in [HH! (see 
■ lemma 3.9), agrees with the explicit formula for the *-product given 
in theorem U.lVAl We also note that by proposition 7.4, the arithmetic 
self-intersection number of a good hermitian line bundle calculated by either 
of the formulas in P, [MI, [SH], or theorem 17.331 agree. 

Height pairings. Let i^' be a number field. Ok its ring of integers, and 
5* = Spec((9i^). Let X be a (i-dimensional projective arithmetic variety over 
Ok with structural morphism vr : X — > S. Furthermore, fix a normal 
crossing divisor D of X^. 

We want to generalize the height pairing given in definition 16.391 to the 
arithmetic Chow groups with values in Ppre- This generalization will in 
particular include the logarithmic heights for points considered by Faltings 
in j2Hl, EOl- Since the height of a cycle, whose generic part is supported 
in D, might be infinite, one cannot expect that the height pairing ()6.40|) 
unconditionally generalizes to a height pairing between the arithmetic Chow 
groups CH (X, Dpre) and the whole group of cycles Z^(X). Therefore, we 
restrict ourselves to considering a subgroup of cycles, for which a height 
pairing with respect to CH (X, Ppre) can always be defined. 

Putting U = X^\D, we write Z^(X) for the group of the g-codimensional 
cycles z of X such that z^ intersects D properly. A case of particular interest 
is given when the normal crossing divisor D is defined over K; we then 
introduce Uk = Xk \ Dki and observe that there is a natural injective map 

Z\Uk) Zl{X). 

Definition 7.54. We want to define a bilinear pairing 

(■ I ■) : Ch''(X, Pp,e) ® Z\j{X) Ch''^'" V, Aog)Q. (7.55) 

Let z G Zfj^X) be an irreducible, reduced cycle and a G CH^(X, X>pre). 
We represent a by the class of an arithmetic cycle {y,Qy), where y is a p- 
codimensional cycle such that yK intersects zk properly and where Qy = 
{ujy, (jy) is a pre-log-log Green object for y. If p + g < we put {a\ z) = 0. 
If p + g = (i, we define 

{a\z) = [K,{yK ■ Zk), (0,0)] G CH V, Aog)^ = CH°(5)q. 
Finally, ifp + g = (i + l, we define 

G CH (S*, T>io^)q. 



(a 



7r*([y ■ 2;]fin), 0,7r#(5(y A 5 
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Here, the quantity TT^{gy A 6^) has to be understood as follows: Let Z = 
supp and z : Z — > Z he a resolution of singularities of Z adapted to D. 
Since yx ^ = 0, the functoriality of pre-log-log forms shows that i*{gy) is 
a pre-log-log form on Z, hence it is locally integrable on Z, and we have 



TT#{gy A 5,) = 77^—7^ / l*{gy). 



z 



The pairing ()7.55p is now obtained by linearly extending the above defini- 
tions. 

Note that this definition a priori depends on the choice of the represen- 
tative {y, Qy) of a. 

Proposition 7.56. With the above notations and assumptions, let a G 
CH (X, Ppro), z G Z^(X), Z = supp z^, and p + q = d + 1. If we choose a 
basic pre-log-log Green form g^ for z and put = i^'^ddgz, gz) , the height 
pairing fl7.55|) satisfies the equality 

{a \z)=TT^{a- [z,Qz]) + a.(n^ (^[uj{a) A gz]x^^ (7.57) 
in CH (5, Piog)Q. 

Proof. By lemma 17.351 the pre- log form uj{a) A g^ is integrable. Therefore, 
the right-hand side of the claimed formula is well defined. We now represent 
a by the arithmetic cycle {y,Qy), where y is a p-codimensional cycle such 
that uk intersects zk properly and where Qy = {Lj{a),gy) is a pre-log-log 
Green object for the cycle y. Then, the first summand of the right-hand side 
of equation ()7.57p equals 



vr* (a ■ [^,0^]) 



vr.([y.W),(o,^|^0,*0.) 



Using theorem ESSl (with the roles of y and z interchanged), i.e., the equality 
\y*5z= [ 9y + [ ^(a) A g, , 



X 
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we find 



TT* (a ■ [z, g^]) + a (^7r# \ \u{a) A gf^Jx 

= 7r*([2/ ■ 2:]fin), (0, 7r#(5(j^ A 5^) + 7r# ( [u;(a) A g^]x 



vr*([i/ ■ 2;]fin), {^,'K#{gy A 5^ 
(a I z), 



which proves the claim. 



□ 



In the following theorem, we will show that the pairing ()7.55p is well 
defined. 

Theorem 7.58. The bilinear pairing fl7.55|) is well defined. Furthermore, 
there is a commutative diagram 



CH (X,Piog)®Z^^(X) 



CH (X,Ppre)®Z«^(X) 



(■!■) 



(■!■) 



- — ~ v+q—d , 

CH {S,V_ 



logjQ 



id 



CH 



p+q-d 



(5, Ac 



where horizontal maps are given by the pairings ()fi.4()j) and ()7.55j) . respec- 
tively. 

Proof. We have to show that the height pairing {a \ z) does not depend on 
the choice of a representative {y, Qy) for a. Since the height pairing ()7.55|) 
coincides with the height pairing ()6.40p for p, q satisfying p + q < d, it suffices 
to treat the case p + q = d + 1. In order to prove the well-definedness in the 
latter case, we recall that the height pairing satisfies formula ()7.57|1 . By the 
well-definedness of the arithmetic intersection product and the map u, the 
right-hand side of ()7.57p turns out to be independent of the representative 
(y, g^), which proves the well-definedness of {a\ z). 

The commutativity of the diagram follows from lemma lU. 421 observing the 
formula 

a i[9z]xi(^ia))) = a ( 7r# ( [uj{a) A g;,]x 

□ 
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Faltings heights. We keep the notations of the previous section. In 
particular, we let X, D, U be as before and p, q integers satisfying p + q = 
d+ 1. The height pairing given by definition 17.541 is of particular interest, 
when a = c^i(L)^ for some good hermitian line bundle L on X. If 2; G Z^(X), 
we call the real number 

ht^(z) = d^(ci(L)nz) 

the Faltings height of z (with respect to L). This name is justified by the 
following result due to Faltings. 

Proposition 7.59. In addition to the data fixed above, assume that L is an 
ample line bundle. Then, for any c G M, the cardinality of the set 

{z G ZUX) I ht^(;.) < c} 

is finite. 

Proof. Since the metric of a good hermitian line bundle is logarithmically 
singular as defined by Faltings, the proof is standard (see, e.g., [ZI|). □ 

7.8 Application to products of modular curves 

As an example, we show in this final section how the arithmetic intersection 
theory with pre-log-log forms developed in this chapter can be applied to 
compute the arithmetic self-intersection number of the line bundle of mod- 
ular forms equipped with the natural invariant metric on the product of 
two modular curves. We point out that because of the singularities of the 
Petersson metric, these numbers are only well defined in the setting of our 
newly developed extended arithmetic intersection theory. Related but more 
elaborate results for the case of Hilbert modular surfaces have recently been 
obtained in ^21- Further calculations of other naturally metrized automor- 
phic line bundles have been carried out in The general theory of arith- 
metic characteristic classes of automorphic vector bundles of arbitrary rank 
is developed in [THj . 

Modular curves. Let EI denote the upper half plane with complex coor- 
dinate z = X + iy, and 

x(i) = SL2(z)\eu{5oo} 

the modular curve with the cusp Soo- For more details on the subsequent 
facts we refer to [HH] . 
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Let A'(l) = be the regular model for the modular curve X{1). With 
Soo denoting the Zariski closure of (the normal crossing divisor) 6*00 C 
and k a positive integer satisfying 12\k, we define the line bundle of modular 
forms of weight k by Aik = O(soo)®'^''^^- The line bundle J^k is equipped 
with the Petersson metric || ■ ||, which is a good hermitian metric along 5*00; 
hence, Aik = (-^fc, II " II) is a good hermitian line bundle, and we have 

ci(AYfe)GCH'(A'(l),Pp,e). 
For the first Chern form Ci{Aik) of Aik, we recall the formulas 

, , dzAdz k da^Ad-u f ,-r-r ^rfc 

- * • (73i)I - • ■ ^ ^.(X') - - « • 

Fixing a (1, l)-form u satisfying Jx^i) ^ — — Svri, the main result of shows 

MMk)' = [0,mI ■ a(c^)] G CHV(l),^^prc)Q, (7.60) 
where the arithmetic self-intersection number is given by 

Ml = e ■ (^\cq{-i) + cu-i?! 

with the Riemann zeta function Cq{s). 

Products of modular curves. In this example we consider the arith- 
metic threefold H = ^(1); we let pi, resp. p2 denote the projection 
onto the first, resp. second factor. The divisor 

D =pI Xp*Soo+ pI Soo X p*2 X (1) 

induces a normal crossing divisor on TYr. For k,l G N, 12|A;, 12|/, we 
define the hermitian line bundle 

Z{kJ) =plMk<^plMi. 

It can be easily checked that the hermitian metric of C{k,l) is good along 
Dr. 

Theorem 7.61. Let Ti and C{k,l) be as above. Then, the arithmetic self- 
intersection number of C{k, I) is well defined, and given by the formula 
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Proof. By theorem 17.471 we have 

ci(£(A;,Z)) GCH'(7^,Ppre); 

this can also be checked directly. Letting vr : 7i — > Spec(Z) denote the 
structural morphism, the arithmetic self-intersection number of C{k, I) is 
given by 

which is well defined by theorem 17.481 Using the properties of arithmetic 

3 

Chow groups, we derive the following identities in CH (7i,Ppre)Q: 

3 



3-i 



By means of formula ()7.60|) . we find 



Applying proposition I6.1UI we obtain 



ci{C{k,l)f 



+ 



Q,m] ■a.{p\ ci{Mk)Ap*2 to) 



Taking the push-forward of the latter quantity by tt and applying the arith- 
metic degree map, we finally obtain 



C{kjf 



(27ri)2 V 2 



X{1) 



-i) + Q-i; 



X{1) Jx{i) 



-LU 



X{1) 



from which the claimed formula follows. 



□ 
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Faltings heights of Hecke correspondences. Let iV be a positive 
integer, and the set of integral (2 x 2)-matrices of determinant N. Recall 
that the group SL2(Z) acts form the right on the set Mjv and that a complete 
set of representatives for this action is given by the set 



Rn = <7 



a b 
d 



a,b, d e Z; ad ^ N; d > 0; < b < d 



The cardinahty a(N) oi Rn is given by 

d\N 

where the sum is taken over all positive divisors d of N. Furthermore, we 
put 

Tn = {{zi, Z2) emxm\3-f e Mn : zi= 7^2} • 

This defines a divisor on X(l) x X(l), whose normalization is a finite sum 
of modular curves Xo(m) associated to the congruence subgroups ro(m) for 
m dividing N. These curves are also referred to as the graphs of the Hecke 
correspondences. Denoting the discriminant by A{z) and the j -function by 
j{z), the Hilbert modular form 

s^iz,,Z2)=A{z,r^''^A{z2r(''^ n (J(7^i)-J(^2)) 

has divisor T^. Since the Fourier coefficients of sn{zi,Z2) are integral, it 
defines a section of jC{12a{N), 12a{N)); we put 

Tn = div(s;v) Q H. 

Theorem 7.62. The Faltings height of the Hecke correspondence with 
respect to jC{k, k) is given by the formula 

^ dlogjd) a{N)\og{N y 
^ 48 

d\N 

Proof. Using Rohrlich's modular Jensen's formula, we obtain for any fixed 
ZoEM 

y^^_^ log .0)11^^ = 

- (ico(-i) + ci(-i)) 4 E i-^^) ■ 
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Since we have 



d 



a b 
d 



G R 



'N 



we obtain for the sum on the right hand side 



J2dlog{d)-la{N)log{N). 



d\N 



Writing Zi = Xi + iyi, Z2 = X2 + iy2, and observing 



we find by means of Rohrhch's formula 
1 



2 fc^ dxiAdyi da;2Ad?/2 



yl 



(27rz)2 



log II SAr(2:i, 2:2)11 ■ Ci{C{k,k)y 



X(l)xX(l) 



^^(ilog(rf)--^a(iV)log(iV) 



1 >^ , / ||A(z)|| \ 1 A(^) 1 ^ , fd^\ 



Since sat defines a section of £(12ct(A^), 12cr(A^)) and log ||sAr(zi, ^2)11 is a 
basic pre-log-log form, we obtain by proposition 17.561 and the previous con- 
siderations 



htz(M)(^^) =d^{cimk,k)f I Tr,) 



deg TT* ci{C{k, k)y 



T^, Ci(£(12a(iV), 12(T(iV))), - log ||s^(zi, ^2) 



+ a (7r# ( [-log II Sat (2:1, 2:2)11 A Ci(£(A;, A;))^] 



X(l)xX(l)^ 
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:deg (vr, {ci{C{k,k)f ■ci{C{12a{N),12a{N))))) 

+ 77r-V^ log\\sN{zi,Z2)\\-Ci{C{k,k)f 



(27ri)2 

^6fcV(iV)(^CQ(-i) + CQ(-i) 



X(l)xX(l) 

1 

2' 



+ ^Y.d\og{d) - ^a{N)\og{N)Y 

d\N ' 



□ 



Remark 7.63. We point out that the same formula has been obtained in- 
dependently by P. Autissier jS]. His calculations, which are based on results 
of U. Kiihn jSH] and use J.-B. Bost's theory of L^-singular metrics on arith- 
metic surfaces jO], are compatible with definition ()7.55|1 . We also note that 
the arithmetic intersection numbers obtained via Bost's Lj-theory applied to 
logarithmically singular metrics equal those in [59] and coincide with those 
obtained by applying the theory developed here in the 2-dimensional setting. 



Arithmetic generating series. We put 

T{N) -- 



, if AT < 0, 

[r;v,fliv], ifAr>0, 



where 0Ar(z) = {2dd\og\s^{zi,Z'2)\, — \og\s^{zx^Z'^\^. With the divisor 
D (ZTi, we additionally put 

f(0) = -^ci (£(12, 12)) + ^[D,Qo{z)] e CR\n,V^re)R, 
24 ony 



where Qd{z) = (^2(9(9 log ||A(zi)A(z2)||, - log ||A(zi)A(z2)||j. With these in- 
gredients we define the following generating series of arithmetic cycles 



0can(g) = 52f(A0g^ G CH\?i,Ppre)M®C((g)) 

here q = e^"^" . 
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Theorem 7.64. The generating series (pcan is a non-holomorphic modular 
form with values in CH (7i, Ppre)iR of weight 2 for SL2(Z). 

Proof. We observe that 




T(iV) = ci(/:(12,12)) 



Recall now that there is the non-holomorphic Eisenstein series E2{z) of weight 
2 obtained by means of Hecke's convergence trick from the non-holomorphic 
Eisenstein series E2{z, s) at s = 1; it has Fourier expansion 

Therefore, we obtain 

0can(g) = Ci (£(12,12)) ®£;2(Z) G Ch' (7^ , Pp,e)lR ® ^2 (SL2 (Z) ) , 

where ^2(SL2(Z)) denotes the space of non-holomorphic modular forms of 
weight 2 with respect to SL2(Z). □ 

By theorem 17.641 anv linear functional on CH (?i,I'pre)R applied to 0can 
gives rise to a modular form of weight 2. As possible applications we present 
an integral version of Borcherds's generating series 

C(0can) = -T^ci (£(12, 12)) + + V Tm"" e CH(7^)m ® ^2(SL2(Z)), 

24 My j^^ 

or the Hirzebruch-Zagier formula, which states that for any (1, l)-form r/, we 
have 

W\H^ (cl(C(0ca„))) =Y.{hl ^) ^ ^2(SL2(Z)). 

In particular, we emphasize that choosing = Ci (£(12, 12)) yields a multiple 
of the Eisenstein series E2{z, 1). 

We conclude by noting that according to Kudla's conjectures there should 
also exist a generating series related to the derivative of -^2(^5 s) at s = 1. 
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